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Description du projet scientifique
Antecedents: The detailed quantitative and qualitative description of the geometry of strongly
dynamical  space-times,  in  particular  in  the  vicinity  of  black  hole  horizons in  merging or
collapsing astrophysical scenarios, represents a challenging mathematical problem with direct
implications  on  the  fundamental  physical  description  of  such  processes.  Whereas  PDE
approaches and associated numerical  analyses of the Cauchy problem have brought about
significant advances in recent years, namely in the context of the binary black hole merger
problem, a qualitative understanding of the geometry dynamics stays at much a preliminary
stage.  This  directly  impacts  on  the  capability  to  clearly  pinpoint  the  mathematical  and
physical  mechanisms underlying  these  phenomena,  in  particular  the emergence  of  certain
types of universal qualitative behavior, the simple and generic gravitational waveform of the
binary black hole merger being a paradigmatic example. Here he aim at introducing concepts
and tools  from the  mathematical  theory  of  singularities  to  investigate  such   “structurally
stable” features in these solutions of the Einstein equations.

Objective:  The main goal of the thesis is to assess to role of “caustics” in the qualitative
description of certain structurally stable phenomena in the setting of the classical gravitational
collapsing picture in general relativity. This general goal is realized in two sub-objectives: i)
to address the universality features in scattering observables (e.g. emitted waveforms) in black
hole space-times in terms of Fresnel integrals describing the diffraction of propagating fields
over caustics of the “geometric optics” approximation to the theory; ii) to recast the notion of
“marginally outer trapped surfaces” (MOTS) in terms of singularities of light wavefronts, in
order to explain the observed patterns of self-interacting MOTS in binary black hole mergers. 

Methodology:  Regarding  the  first  sub-objective,  the  universality  of  the  gravitational
waveform corresponding to the merger of a binary black hole coalescence is a established
result  both  of  the  numerical  resolution  of  the  underlying  dynamical  PDE’s  (Einstein
equations) and of the observational data of the interpherometric gravitational wave antennae



(LIGO and Virgo). This result was not anticipated in previous qualitative analysis of such
processes and demands an explanation in terms of an underlying mechanism. It  is  in this
context that the generic formation of caustics in the vicinity of these compact objects acquires
a particular relevance. Indeed, the singularities associated with the formation of such caustics
indicate the failure of the theory to accept a description of wave propagation in terms of light
rays, a full resolution of the PDE theory being therefore needed. However, an intermediate
wave approach  between  the  full  PDE resolution  of  Einstein  equations  and  the  diverging
geometric optics description can provide a clue to identify the relevant mechanism in action.
This is exactly what the Fresnel theory of diffraction does, as it has been extensively studied
in optics. More specifically, fields propagation over caustics get diffracted and are described
in  terms  of  asymptotic  integral  expressions  whose  kernel  is  uniquely  determined  (up  to
diffeomorphims)  by  the  associated  type  of  caustic.  On  the  one,  such  Fresnel  integrals
regularize the divergences found in the “geometric optics” description of the theory. On the
other hand, and most importantly in our present context, such integral kernels are classified in
terms  of  the  Thom-Arnold  theorem,  therefore  providing  a  well-defined  methodology  to
address universality issues in this setting.
Regarding the second sub-objective, MOTS (and more generally trapped surfaces) play a key
role in the understanding of gravitational collapse, through the classical singularity theorems
of general relativity (that can be seen as an instance of caustic formation). Even though such
MOTS are naturally  defined in terms of properties  of congruences of light  rays,  they are
naturally  characterized  in  the  Cauchy  approach  to  Einstein  equations  in  terms  of  elliptic
equations to be solved at each “time slice” in the evolution process. Even though this allows
the  efficient  implementation  of  algorithms  for  their  localization  (the  so-called  “Apparent
Horizon  finders”),  they  also  convey  a  loss  of  intuition  about  some  of  their  geometric
properties. In particular, the recently observed self-intersections of such MOTS in the merger
process of two black holes calls for a complementary approach to study these objects. In this
setting, recasting MOTS in a characterization akin to the original light congruence description
can open an avenue to the use of singularity theory tools in the context of wavefronts. Again,
such an approach would provide a qualitative understanding of the generic stable features in
MOTS dynamics, hopefully shedding light onto the observed self-intersections.
In sum, the methodology to be pursued relies on a combination of mathematical tools (contact
geometry, singularity theory, semiclassical analysis of PDEs) and physical treatments (general
relativity, theory of diffraction), both of them supported by a numerical methodology at an
exploratory stage.
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