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1 Elementary Facts from Ergodic Theory

In this section, we will introduce some basic concepts and results in ergodic theory that will
be frequently cited in latter sections. Most of the results are stated without proof, since all of
them can be found in any standard textbook on ergodic theory.

1.1 Invariant Measure

Let X be a compact metric space, A(X) be the Borel o--algebra of X, and C(X) be the space
of continuous functions on X with the usual maximal-module norm. P(X) denotes the space
of Borel probability measures on X with weak-* topology, i.e. :

lim w, = pin P(X) & limfgod,unzfgod,u, Yo e C(X).
n—oo n—oo X X

Proposition 1.1. P(X) is a compact metric space.

Proof. Let {¢,},en be a dense subset of C(X), and define:

o1
den) = Y s | [ s [ ] e oo,
o llenll 1Jx X
It is easy to verify that d is a metric on P(X) comparable to its weak-* topology. O

For any given continuous map f : X — Y, where both X and Y are compact metric spaces,
there is an induced map f, : P(X) — P(Y), u — f.u, defined as:

fn(E) = u(fTH(E)), VE € B(Y).
It is clear that f, is continuous by definition.

Definition 1.1 (Invariant Measure). In the case that f : X O, we say pu € P(X) is f-invariant,
or f preserves u, if fiu = u.

We denote the set {,u e PX) | fip = } by P(X, f).

Remark. Generally speaking, to define measure-preserving map, we only need that (X, %) is
a measurable space and f : X O is measurable. But in this lecture we are only interested in
the above case.

Proposition 1.2. If X is a compact space and f : X O is continuous, then P(X, f) # @.

n-1
1 .
Proof. Take an arbitrary u € P(X), and define y, = —Z fip. Then {u,},ey € P(X). By
n
i=0
compactness of P(X), there exists a subsequence {u,,} converging to some v € P(X). We only
need to show that f.v = v. Notice that

n—1

1 .
fsodun=—2f¢°f’dﬂ,vw€C(X).
X n = Jx

So we have:

2
< —llell -
n

1
Usodf*ﬂn—ftpd#n =—U(<ﬁ0f”—<p)d/~t
X X niJx



Letn — oo, we get:

fgodf*vz limfcpdf*,unz 1imf¢dﬂn=ftpdv.
X n—oo X n—oo X X

Since this is true for any ¢, v is f-invariant. O

1.2 Natural Extension

Let (X, d) be a compact metric space. So is the product space XZ = {(x;);ez | xi€X }, whose
metric, still denoted by d, can be given as:

d((x). (1) = )

i€Z

1

2\i| d(xi, yi) .

The left shift o : X% O, (x;) = (xi+1) is a homeomorphism preserving the product measure.
There is a natural projection 7 : X2 — X, (x;) — xo, which is continuous, surjective and
measure preserving.

Definition 1.2 (Natural Extension). When f : X O is continuous and surjective, we can
define a subspace X, of X%, called the natural extension of (X, f), as:

X ={00) € X7 | 21 = fw) .
The following proposition holds automatically by definition.

Proposition 1.3. X; is a compact metric space, oy : Xy O is a homeomorphism, and the
following diagram commutes:

Xy - Xy

x| fﬂl

X — X

Here o7 is the restriction of o to X . O

Theorem 1.4. Given u € P(X, f), there exists a unique j1y € P(Xy, 0y), such that () = p1.

Proof. Let o, = {(w_,)"'(B) | Be B(X)}, n € N, where m_, : X; = X, (Xp)icz. —> X_y is
the projection to the coordinate —n. Then {.%,} is a sequence of increasing sub-o--algebras of
ZB(X¢), and their union &7 = |J 47, is a set algebra, which generates %(X). To define y;,
n=0
we first notice that it is uniquely determined on .7 by the properties that (o). (uy) = py, and
m.(us) = p. This is because: for E € o, us(E) = u(n(E)); for E € ., ur(E) = ps(op"(E)),
where o "(E) € . Second, since %(Xy) is generated by 7 and clearly uy is countably
additive on <7, there is a unique extension of uy defined on #(Xy). So we complete the
construction of yr, which clearly satisfies the properties in the theorem. O

Remark. According to the construction of us in the proof above, it is easy to see that:

up(E) = lim p(r-n(E)), VE € B(Xy).

Apparently the limit on the right hand always exists, since { u(r_,(E)) },c;y 18 a decreasing
sequence.



1.3 Regular Point and Ergodicity

Theorem 1.5 (Birkhoff’s Ergodic Theorem). Suppose (X, A, u) is a probability space, and
f : X O is measure-preserving. Then for any ¢ € L'(u), their exists some ¢t € L'(u1), such
that:

n—1

1 ;
lim — » ¢o fi(x)=¢"(x), p-ae. x€X.

n—oo n
i=0

Clearly ¢* o f = ¢*, p-a.e.. Moreover, fxtpd,u = fX‘:9+ dy

Corollary 1.6. If f is invertible, then ¢~ is similarly defined with f~' instead of f in the
above theorem, and ¢* = ¢~, u-a.e. .

Proof. Suppose the conclusion is false.Without loss of generality, we can assume that £ =
{x eX | ot (x) > ga‘(x)} has positive measure. Since E is an f-invariant set, we can apply

Birkhoff’s ergodic theorem to both f|z and f~!|z. So we have: fE etdu = L pdu = fE @~ dp,
which contradicts to the definition of E.

If X is a compact metric space and f is a homeomorphism of X, then we have the follow-
ing definition.
Definition 1.3 (Regular Point). x € X is called regular for f, if:

‘ 1 n—1 , . 1 n—1 B
lim ~ ZO @(f'(x)) = lim ~ ZO e(f (), Yo € CX).

That is to say, there exists some y, € P(X), such that:

lim Zéf 0 = lim Zéf 0 = He.

Moreover, if u, = u, we say x is regular for p.

Remark. If f is not invertible, we only reserve the forward-iteration part in the above defini-
tion.

By defintion, the following is a direct corollary of Birkhoff’s ergodic theorem.
Corollary 1.7. Vu € P(X, f), u ({ xeX | x1is regularforf}) =1 O

Definition 1.4 (Ergodic Measure). u € P(X, f) is called ergodic, if VE € Z(X) with f~1(E) =
E,u(E)y=0or1.

We use the notation E(X, f) to denote set of all the ergodic ones in P(X, f).
Proposition 1.8. E(X, f) # @.
Proposition 1.9. If u € P(X, f), then the following statements are equivalent:

(1) wis ergodic;



(2) VE € B(X) with u(E) > 0, y(fj f—"(E)) =1
n=0

(3) VE € B(X) with f(E) CE, W(E) =0 or 1;
(4) YE € B(X) with f'(E) D E, u(E) = 0 or 1;
(5) Yo € LY () with ¢ o f = @, p-a.e., ¢ is constant p-a.e.;
(6) ,u({x eX | X is regularforu}) =1
According to Birkhoff’s ergodic theorem and the proposition above, immediately we get:
Corollary 1.10. Ifu € E(X, f), then ¢* = fXgod,u, p-a.e., Yo € L' (1). O
Corollary 1.11. In theorem 1.4, if u € E(X, f), then uy € E(Xy, 07y).

Proof. Let E € B(Xy) with uy(E) > 0 be such that a'f’l(E) = E. We only need to show that
uy(E) = 1. First, we notice that

o (E)=E = n_,(E) =mo(E), Vn e N and ' (mo(E)) > mo(E).

Then on the one hand, according to the remark following the proof of theorem 1.4, we have
Hr(E) = u(mo(E)) > 0; on the other hand, u is ergodic implies that p(mo(E)) = 1. |

Exercise 1.1. We consider the following dynamical system on T> = S' x §1:
f:T*0 (ny) (x+@x)modZ, y+ sin(2rx) mod Z ).

Here

¢ :[0,1] = [0, +00), @(x)= exp( , Yxe(0,1) and ¢(0)=¢()=0.

_;)
x2(1 — x)?
Then we have:

o Y(x,y) € T2, (x,y) is regular;

o x # 0= py, is the Lebesgue measure on {0} X § 1.

e all the ergodic measures are of the form (), y € S 1

The proof is just some detailed calculation, so we skip it.

Theorem 1.12 (Ergodic Decomposition). For any u € P(X, f), there exists some Borel prob-
ability measure 6 on E(X, f), such that:

fgody =f (fgodv)d@(v), Yo € C(X).
X EX.f) \Jx

Sometimes we write u = J;(X P vdo(v) for short.
Definition 1.5 (Basin of Measure). For u € P(X, f), the set
Bu) = {x eX | X is regularfory}

is called basin of u.



Remark. 1If x € B(u) and lim d(f(x), f'(y)) = 0, then y € B(u). Here co means both +co and
—oo, when f is invertible; only +oo, otherwise.

Exercise 1.2. Let f : M O be a diffeomorphism on a compact manifold M, and X be a
nontrivial hyperbolic basic set, i.e. both of the stable and unstable manifolds of each periodic
point are dense in X. Then the set { xeX ' X is not regular } is residual in X.

Proof. Lety; and 7y, be two distinct periodic orbits in X. We can choose ¢ € C(X), such that
¢ly, = 0, and ¢|,, = 1. Since both of the stable manifold of y; and of v, are dense in X, the
sequence of sets

1S 1 1S 2
Onz{xeX|3n1>n,n—1290(f’(x))<§;3n2>n,—2¢(f’(x))>§}
i=0

m %

are all open and dense in X. So their intersection R = () O, is residual. By definition, it is
n=1
clear that Vx € R, x is not regular. m]

There is a more general result as follows.

Theorem 1.13. For C'-generic diffeomorphism f : M O, {x eM | X is not regular} is resid-
ual.

1.4 Absolute Continuity of Measures

Definition 1.6 (Absolute Continuity and Singularity). Let u, v be two measures on the same
measurable space (X, %). We say v is absolutely continuous with respect to u, denoted by
v << u, if for any E measurable, u(E) = 0 = v(E) = 0. Moreover, y, v are called equivalent to
each other, if both u << v and v << y hold simultaneously. We say they are mutually singular,
denoted by u.Lv, if there exists some E measurable, such that u(E) = 0 and v(E€) = 0.

Theorem 1.14 (Radon-Nikodym). If u, v are two measures on (X, $) and v << y, then there
exists a positive measurable function ¢ on X, such that:

v(E):fcpd/,t, VE € A.
E

d
Usually we write d_v = @ or v = @u for short.
1

Theorem 1.15 (Lebesgue Decomposition). If u,v € P(X), then there exist a € [0, 1] and
v, v® € P(X), such that v* << u, v’Lu, and u = av* + (1 — a)v’. This decomposition is
uniquely determined by y and v.

2 Expanding Maps on S
In this and the next section , we only concentrate on the map f : S' O without critical point,

ie. IDf| > 0onS!, where S! = R/Z is the unit cirlce. Without loss of generality, we can
assume that Df > 0 for convenience. If f is of class C' and Df > 1 on S!, we say f is



expanding. It is always helpful to introduce f : R O, which is the natural lift of f, i.e. the
following diagram is commutative:

st —f> st
Here 7 : R — S!' x = x mod Z is the natural universal covering. The trivial fact that
Df(x) = Df(n(x)) is frequently used.

Remark. Sometimes it is so subtle and even annoying to distinguish what we precisely discuss
about is R or S, or the exact map is f or f, that we have to neglect it. We believe that this
will cause no serious confusion.

2.1 General Statement

Theorem 2.1 (Shub). Let f : S' O be a covering of degree d, d > 1. Then there is a
continuous and increasing (i.e. orientation preserving) map h : S' O of degree 1, such that

the following diagram commutes:

st —o st

| i
x—d-x

Sl s Sl

Furthermore, if fis expanding, then h is a homeomorphism.

Proof. d > 1 = f has a fixed point xo. Let i(xq) = 0. To construct 4 : S O, we identify the
domain with [xg, xo + 1) and the range with [0, 1). Let

X = f7"(x0) = { Xiipoi, |0 S ik <, k=1,--+,n},
where the permutation of {x;,;,..;,} is such that f(x;,...;,) = Xi,..;, and the map

I 15} Iy
hlx, : Xiiyei, > 5+ g e

is increasing. Then % is well defined on X = |J X,,. Because 4 is increasing on X and A(X) is
n=0
dense in [0, 1), we can extend / continuously to [xy, xo + 1) naturally, i.e.:

h(x)= inf h(y)= sup h(y), Vx € (xo, X0 + 1).
yex yeX
x<y<xo+1 Xo<y<x

It is evident that the properties of 4 are satisfied automatically. If f is expanding, then X is
dense in [xp, xp + 1). Therefore 4 is injective, i.e. h is a homeomorphism. O

Definition 2.1 (Smale’s Solenoid). Let D> = {z eC | Izl < 1} and f : S' O is expanding.
We consider a map
2mit

F:S'xD*O (1,2) - (ft), cz + 67),



where ¢ << inf { [t — s | f(@® = f(s)andr # s }, to ensure that F is a homeomorphism from

S x D? to its image. The F-invariant set A = () F"(S! x D?) is called Smale’s Solenoid.

n=1

The following proposition is easy to prove.

Proposition 2.2. The dynamical system F : A O topologically conjugates to the left shift of
the natural extension of f : S' O, denoted by oy : 11 O. The conjugation map is defined as:

h:I1—> A (x,)uez b the single point in ﬂ F'({x_,} x DZ).

n=1

From this standpoint, it is easy to see that each connected component of A is homeomorphic
toS'.

So we can think of Smale’s solenoid as a geometrical realization of natural extension.

2.2 A.C.LP. for Expanding Maps

Definition 2.2 (Absolutely Continuous Invariant Probability). Let f : M O be a smooth
dynamical system on some compact Riemannian manifold M. u € P(M, f) is called an
absolutely continuous invariant probability, or a.c.i.p. for short, if 4 << Leby,.

Theorem 2.3. If f : S' O is an expanding map of class C?, then there exists a unique a.c.i.p.
v € P(S', f), such that it is equivalent to the Lebesgue measure on S' and ergodic .

Remark. If f is only of class C!'*? | 0 < 6 < 1, the above theorem still holds with no much
modification of the proof. But the smoothness of f cannot be weaken to C'.

Theorem 2.4 (Bochi & Fayad). If f : S! O is expanding, then C'-generically speaking,
there exists no u € P(S', f), such that 1 << Leb, where Leb denotes the Lebesgue measure
onS!.

What we will do in the rest of this section is to prove theorem 2.3 .

Uniqueness is evident since any two distinct ergodic measures must be singular mutually.
So we only need to prove existence, which will be divided into three steps.

(1) Distortion Control

fis expanding = 31 > 1, such that Df > A. fis C*> = logDf is C' and 3C > 0, such
that |logDf| < C. Thus, ¥yo, 20 € R, y; = f(30), zi = f(z0), i = 0,1,--+ ,n, we have:

n—1 -

. Df(y;

Do) _ b
fn T on-l -

D f"(zo) g) D)

~ ~ n_l ~ ~
= |logDf"(v) - log Df"(z0)| < ) [log Df(y:) ~ log Df ()|

i=0

n—1 n
< €Y A0z < C- Y AT dOnz) < € d(y2)
i=0 i=1



~ C
Here C = -1 So we get:

Lemma 2.5. log Df is a C-Lipschitz function.
We will fix y, = y,z, = z in the following text, and let x(, yp and n be variables.
(2) Iteration of Lebesgue Measure

n—1 n—1
1 du, dv, 1
Let w, = f!(Leb), v, = = i Let ¢, = s W, = = - i. We have th

following lemma.

Lemma 2.6. log ¢, and logy, are C-Lipschitz functions.

Proof.
1
#0= D) Sy

f1ON)=y

Making use of the following elementary inequality,

2. a;
i= a; .
L < sup o, Yapbi>0,i=1,2,---,n
Z bi 1<i<n bi
i=1
we have:
> 1
eny) _ o=y DG) - Df"(@)
©n(2) 1 B vz Df(y") ’

)=z Dfn(Z')
In the above and following expressions, ¥’ and z’, as subscipts under the sup symbol, are
required to be in the same connected components of f~" ([y, z]). Then:

logu(y) —loggu@[ < supflogg,(v) ~loge,@)| < Cd(y.2)
1 n—1
;Z‘Pn(y) ( )
[log ¥, (») — log¥a(z)| = |log = < log(sup u) < Cd(y,z)
0<i<n Qoi(z)

1 n—1
;;‘pn(Z)

So log ¢, and log y,, are C-Lipschitz functions. O

Joivmdleb =1 = Jy € S', g, () =1 = [logy| < C.ie. yu(2) € [eC,e], V2 €
S!. Then by Arzela-Ascoli theorem, In;  +oco such that Yn, — ¢ uniformly as i — oo.
Apparently log ¢ is also a C-Lipschitz function. So lim v,, = v, where v = ¢ Leb is equivalent

to Leb.
(3) Ergodicity of v



To prove v is ergodic, only to show that:
v(sl \ U f”(E)) =0, V¥(E) > 0.
n=0

Since Leb is equivalent to v, we can take Leb instead of v. For any Leb(E) > 0, let x € E be
a Lebesgue density point of E. Then Ve > 0, 36y > 0, such that:

Leb([x — 6, x + 6] \ E)
26

<e€ YO<6<dp.

We can choose ¢ small enough and n accordingly, such that f"|._s.+s) 1S injective, and
Leb (f"([x — 0, x + 6])) > 1 — €. Then we have:

Leb (f"([x — 6, x + 6])) f Df" dLeb
[x—8,x+6]

Leb (f"([x — 6,x + 6]\ E)) f Df" dLeb
[x=6,x+6\E

Since log D" is C-Lipschitz, we have:

Leb (f"([x =8, x+ 1\ E)) _ oo f"(x=8.x+81\E) _ e
Leb(f"([x -6, x +06]) 26 '

Hence Leb(f"(E)) > (1 —e)(1 - 6266). For € is arbitrary, we complete the proof of theorem
2.3.

Remark. As a direct application of theorem 2.3, we consider the Smale’s solenoid. According
to corollary 1.11, the invariant measure v, on the solenoid induced by v is also ergodic.
Moreover, we can prove that almost every conditional measure of v on its corresponding
connected component, which is homeomorphic to S !, is absolutely continuous.

3 Non-Uniformly Expanding Maps on S

In this section, we consider C'* map f: ' O, Df > 0. For every x € S, we can define the

so called lower Lyapunov exponent A_(x) = liminf — log D f"(x).
n—+co n
Definition 3.1. f is called non-uniformly expanding, if 3X ¢ S! with Leb(X) > 0, such that
A_(x)>0,Vxe X.
The main result in this section is the following theorem.

Theorem 3.1. If f satisfies the conditions above, then there is an unique ergodic a.c.i.p. on
St

The proof will be composed of the following four subsections.

10



3.1 Regularity of the Inverse Map

Let f : R O be the natural lift of f mentioned before, then £ is a C'*?-diffeomorphism of R,
and f(x + 1) = f(x) + d, where d is the topological degree of f. Let g = f~!, which is also a
C'*?-diffeomorphism of R.

Lemma 3.2. 3C > 0, such that for every x,y € R with |x — y| < 1, we have:
llog DF(x) ~ log Df ()| < C - d(x.y)’

[log Dg(x) — log Dg(y)| < C - d(x,y)’

Proof.
fec™ and (logx) = i
- - 1 ~ -
= log Df(x) ~log Df(y)| < sup —— - [Df (x) = DF ()| < C1 - d(x, )’
zeR Df(Z)
1
C! d D = —
geC and D)= pr
= |log Dg(x) - log Dg(y)| < [log Df (g(x)) — log Df ()| < C; - d (g(x), g < C3 - d(x,y)’
We can take C = max{C}, C,}. a

3.2 Distortion Control at Hyperbolic Times

1
Lemma 3.3. Giveno > 1, 0 < e < 7 logo, 36 > 0, such that: if x € R and t € N satisfy
IDg'(0)| <o, i=1,2,--- 1, then:

[logDg'(y) — log Dg'(2)| < CFd(y,2)" <€, Vy,z€ [x =6, x+6], i=1,2,--- ,t.

Proof. Leto = ), o5 . Take 6 € O, 5)’ such that C5(26)? < &. When i = 0, the inequality
j=0
holds automatically. Assume for j = 1,2,--- ,i — 1, we have proved that

llog Dg/(y) — log Dg/(2)| < €, ¥y,z € [x — 6, x + 4.
Then for j=1,2,--- ,i—1:
ng(x) <o/
= Dg/(w) <exp(—jlogo +¢) < o"%, Yw € [x — 6, x + 6]
= d(s'().8'@) < sup Dg/(w)-d(y,2) < o 4d(y.2)

wely.z]
i-1
= |logDg'(y) - logDg'2)| < " [log Dg (7)) ~ log Dg (/)
=0
-1
<C-d(g0).80) <C- Y 0% d(n.2) < Co2s) <.
=0

11



Definition 3.2. 1 € N is called a o~-hyperbolic time for x € §!. if: Df*™/ (f/(x)) 2 o/, j =
0.1, 1~ 1L

df!(dLeb
Corollary 3.4. Ift is a o-hyperbolic time for x, and ¢, = %, then

[log ¢,(y) — log ¢(2)| < Cad(y,2)" < €, ¥y, z € [f'(x) = 6, f'(x) + 6].

1
Proof. Noticing that ¢,(y) = Z and applying lemma 3.3, to get the conclusion
i, DO
we just need to do the same as in lemma 2.6. O

3.3 Existence of Hyperbolic Times

i
Definition 3.3. Given A > 0, @; < A,i € Nand ¢ > 0, we say i is a c-top time, if: >, a; >

k=j+1
c@i-j), j=0,1---,i—1.
i
Lemma 3.5 (Pliss). Given ¢ < b < A and iy € N, suppose that zo“ ap > biy. Then:
k=1

b-c

#{1Si£i0|iisac-t0ptime}2 - 1p.

b
[

io i
Proof. Letay =ar—c<A-c, Yy a > (b —-0)p. iisactoptime & >, a >0, j=
k=1 k=j+1
J
0,1---,i—1.Lets; = 3 d,soiisac-toptime & s; > s;, j=1,2,---,i— 1. Therefore if
k=1
J < i are two adjacent c-top times, then s; > s;_; and hence s; + &; > s5;. So we get:

io
#{1<i<i|iisactoptime}x(@A-c)> Z a > Za,- > (b - )ip.
1<i<iy i=1
iisa
c-top time

O

Since Leb(X) > Oand Vx € X, A_(x) > 0, then Y € X, N € N and A > 0, such that
1

B=Leb(Y)>0andVx e Y,n> N, —logDf"(x) > A If we choose o so small that log o < b,
n

b—
take A = max logDf(x), b = A, ¢ = log o, and denote a = A—C, then we get:
xeS —C

Corollary 3.6. Vx € Y, n > N, we have at least « - n o-hyperbolic times in {1,2,--- ,n}. 0O

The parameters o, A, etc will be fixed in the following text.

12



3.4 Iteration of Lebesgue Measure

In the following text we will denote measures on R by symbols with superscript “~ and
the corresponding ones on S! by the same symbols without <. For all n > 0, we denote

- 1 n-1 B
= fr (Leb|[0 1)), Uy = mfi, = fI'(Leb) and v, = — 3, y;. From now on, we fix § given
X n =0

1 1
in lemma 3.3 such that 5 € Nand fix ¢ = I logo. We denote by 7j; the restriction of f;
on the union of intervals of the form [kd, (k + 1)8], k € Z such that Ax € [0,1) N 7T_1(Y ),
14
f"(x) € [k6,(k + 1)8] and i is a o-hyperbolic time for x. Let 7; = m.7j; and y; = — 21
i

Notice that #;, n7;and y; are generally not probability measures.
It is clear that the support of r7;and y; are union of intervals of the form [k6, (k + 1)d], and
ni,vi << Leb. Suppose 1; = ¢; Leb and y; = ¢; Leb, then the following lemma holds:

Lemma 3.7. log ¢; and logy; are (Ca, 6)-Hélder continuous on each interval [k6, (k + 1)0]
contained in the support of n; and y; respectively. Furthermore, Vx,y € [ko, (k + 1)d8], we
have:

log ¢i(x) — log ¢;(v)| < € and |logyi(x) - logi(y)| < €

Proof. Letij; = ¢; Leb. Corollary 3.4 tells us that log ¢; is (C&, 8)-Hélder continuous on each
interval [k6, (k + 1)d] C supp 7j;. Suppose [k9, (k + 1)5] C supp 7;.

7L (k6 (k + 1)6]) = U[k6+n (k+1)6 +n] = ¢

nez

l[ké(k+1)6] Z i I[k6+n (k+1)o+n;] *

Here n;’s are such that [k6 + nj, (k + 1) + n;] C supp ;. Following what we did in lemma
2.6, we can get the conclusion. O

1
Lemma3.8. Vn e N, v,(S1) > (1 — —)eB.
n

Proof. By definition of ; and r;, we have:

n—1 n—1
y,,(Sl) = - Z n,(S ) > — ZLeb xeY | iis a o- hyperbolic time forx})
i=0 i=0
1
= - f #{ 0<i<n | i is a o-hyperbolic time for x} dLeb(x)
nJy
1 1
> — | a(n-1)dLeb=(1- -)ap.
nJy n
The last inequality is due to corollary 3.6. O

By compactness, dn; ' +co, such that limv,, = v and limvy,, = y. It is clear that
[—00 00

£.(») =V, f.(y) = (y)and y << Leb, ¥(S!) = llgg Y, (S > af. Moreover, y < v, i.e.:

f(pd‘ysfgodv, Vo : ST — [0, +00).
st st

Consider the Lebesgue decomposition: v = v* + v*, where v* << Leb and v* L Leb.
v < v,y << Leb = y < ¥4 hence v* > 0. On the other hand, v = f.v = f.v* + f.v°. Notice
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that Df > 0 = f.(Leb) << Leb. Therefore, f.v* << f.(Leb) << Leb. Next we show that
f.v® L Leb. This is because v* L Leb = JE < §', such that Leb(E) = v*(E) = 0, and
therefore:

LONE) = 0= [ (E) = frE) = (E) = vV(E) = v*(S) = £*(S") = fv’(E) = 0.

So by the uniqueness of Lebesgue decomposition, we conclude that f,v* = v*. Finally we

obtain an a.c.i.p. vo = ———V,,.
P- Vo Va(Sl) a

3.5 Erogodicity of the A.C.L.P.
Lemma 3.9. Leb ( 0 f”(Y)) - 1.
n=0

Proof. Let x € Y be a Lebesgue density point of Y. Then

. Leb([x—€,x+€]\Y)
lim =

0.
€—0* 3

Let n; /' +00 be a sequence of o-hyperbolic times for x, and denote f"(x) by x;. For each i,
there exists 6; > 0, such that /™ ([x — 8;, x + 6;]) = [x; — 6, x; + &]. n;’s are o-hyperbolic times
= lim §; = 0. We will follow what we did at the end of the proof of theorem 2.3 .

1—00

First, by lemma 3.3:

Df"(y) _ ,
<e“,Vy,ze[x =38, x+ ;]
D/ () Y
Second:
Leb ([x; = 68, x; + 6]\ f"(Y)) = f Df" dLeb
[x=8;,x+8;]\Y
26 =Leb([x; — 6, x; +6]) = f D" dLeb
[x—6;.x+6;]
Then we get:

Leb (L = 8, + 61\ f*(Y)) _ . Leb(lx =8, x+ 81\ Y)
26 =¢ 25,

— 0, i > oo,

Let x be some limit point of { x; }. Without loss of generality we can assume that lim x; = x.

1—00

Denote [xe — 8, X0 + 0]\ I f*(Y) by E. Then we have:
n=0
Leb(E) < lim Leb ([x; — 6, x; + 6] \ f"(¥Y)) =0
By the definition of ¥, A_(y) > 0, a.e. y € [Xo — 0, Xo + 0]. So in R, the length of the interval

fk([xm —0,X0 + 0]) — o0 as k — oo, which means that f"([x00 —0,%0 +6]) = S! for k
sufficiently large. We choose such a k, finally:

Df > 0& Leb(E) = 0 = Leb(f(E)) = 0 = Leb ( Gf"(Y)) =1

n=0
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Corollary 3.10. Leb({xe S' | 1.(x)>0}) =1

Proof. The definition of Y tells us that x € |J f*(Y) = A-(x) > 0. O
n=0

Corollary 3.11. VX, c S', Leb(X)) >0 = Leb(U Xl) =1
n=0

Proof. From corollary 3.10 we know that A_(x) > 0, a.e. x € X;. Then all the conclu-
sions we have got about X still hold when it is replaced by X;. So lemma 3.9 tells us that

Leb(f_jof"(xl)) -1 o

Noticing that vy << Leb, we can conclude that v is ergodic from the corollary above at
once. So we complete the proof of theorem 3.1.

4 Kan’s Example of SRB Measure

In this section we consider the dynamical system
fi8TX[0,110 (rvs) B Gr f(s),

where f is of class C'*?. If we regard 7 : S' x [0,1] — S! as a bundle with fiber [0, 1],
where 7 is the bundle projection, then f is a fiber-preserving map. Moreover, we need several
additional assumptions below:

e 0<Df, <3 Vresh

e (0)=0, f()=1 VreSh

o A = [;,logDf(0)dr <0, 4, = [;, logDf(1)dr < 0;
e foand f% has no fixed point on (0, 1);

* fo—id <0, fi—id>0 on (0, D;

* Dfp(0) <1, Dfi() < 1.

1
From these assumptions we know that (0, 0) and (E’ 1) are hyperbolic fixed points of f. Let

us denote by y; the Lebesgue measure on S' x {i}, i = 0, 1. Notice that y; is ergodic and we
denote by B(u;) the basin of y;. Recall that B(ug) N B(u;) = @.
The main result in this section is:

Theorem 4.1 (Kan). Under the given assumptions, we have:
Leb (S' x [0, 17\ (B(uo) U B(u1))) = 0 and Bluy) = S' x [0,1], i =0, 1.

More precisely, we will actually prove that for every open set U C S! x [0, 1], one has:
Leb(UNBu;)) >0,i=0,1.
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Definition 4.1 (Sinai-Ruelle-Bowen Measure). Let f : M O be a smooth dynamical system
on some compact Riemannian manifold M. u € P(M, f) is called an Sinai-Ruelle-Bowen
measure, or simply SRB measure, if Leb (8(w)) > 0.

Remark. According to proposition 1.9 and definition, it is easy to see that an ergodic a.c.i.p.
in P(M, f) must be its unique SRB measure. So the a.c.i.p.’s we got in the sections before are
examples of SRB measure.

So o and y; are the unique SRB measures for f, and they are “intermingled”.

We will take all the three subsections to prove this theorem. Due to the similarity between
o and u;, we will only state and prove the results on vy and omit the corresponding ones on
(1 in subsections 4.1 and 4.2..

4.1 Stable Manifold and SRB Measure

For every x = (r,5) € S 1'% [0, 1], we consider the so called stable manifold
Wi ={yes!x[0.11] lim (o). /") =0]
and local stable manifold
W) ={y e lrtx [0, 11]y e W) }.

W;(x) is an subinterval of {r} X [0, 1], since f ({r} X [s1, s2]) C {37} X [f,(s1), fi(s2)]. We will
always denote by / the length of subinterval of a fiber. Because

Jim d(f"(), f'(x) =0 &= #(f" () = 7(f"(x)), for some n € N,

we have W (x) = U f™ (f” (Wg(x))). It is clear that for each x € S' x {0} regular for o,
neN
W*(x) € B(uo).

Proposition 4.2. 35 > 0 and X5 < S x {0} with o(Xs) > 0, such that [(W;(x)) > 6.

Proof. Let us denote by D¢ " the nth derivative of f in the “central” direction, i.e. Df" =

8 n
éf; . Then:

n—1
£1r,9) = (35, fyery 0 -+« fir 0 f(5) = D, 5) = [ | Dfsn(s0).
i=0

Here 5o = s, 5i+1 = f3i,(s:),i=0,1,--- ,n— 1.
Lemma 4.3. Given o > 1, 36 > 0 such that: if x = (r, s) satisfies D f"(x) < ™", ¥n > 0,
then {r} x [0, 6] € W3(x).

Proof. It is more or less a copy of lemma 3.3, with the same parameters ¢, 9, o, C etc. So we
need not to show all the details. First notice that log D, is a (C, 8)-Holder continuous function
as we showed in lemma 3.2. Followed by the proof in lemma 3.3, we know that Yy € {r} x

[0, 5], |10g D¢ f"(y) — log DCf"(x)| < %log o. Immediately we get that [ (f"({r} x [0,0])) <

o7 8, which implies the conclusion. m]
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For every x = (r, s) € S! x [0, 1], we introduce the upper central Lyapunov exponent:

1
A5 (x) = lim sup — log D° /" (x).

n—+co N

Lemma 4.4. Suppose x € S' x {0} and o > 1 are such that A5 (x) < —logo < 0. Then there
is i € N such that D€ f"(fi(x)) < o™, Vn € N.

Proof. Since A5(x) < —logo, we know that i = sup {j eN | D fi(x) > o-‘-i} is finite. The
lemma holds for this i, because:

Dfi(x) - D" (f1(0) < 07 = D) = D f(FI() <o, Y eN.

According to Birkhoff’s ergodic theorem:
A(x) = f logDf.(0)dr = 1y < 0, po-a.e. x € S' x{0}.
S

Then fixing o = e‘ATO, lemma 4.3 and 4.4 imply that for almost every x € S x {0}, there
is i € N such that l(Wg( fi(x))) > 6. That is to say, if we define

X ={xeS"x {0} | [(Wy(f'(x)) = 6.

then pp (U fi(Xg)) = 1. The ergodicity of po implies uo(X;s) > 0, so we complete the proof
i=0

of propos_ition 4.2. O

Since 2$(x) > 0 for yup-a.e. x € S' x {0}, in fact in the the proof of proposition 4.2 we
have proved that:

Corollary 4.5. (W3(x)) > 0, pp-a.e. x € S x {0}, O

According to the above corollary, Fubini’s Theorem tells us that Leb (8(up)) > 0, i.e. uo
is a SRB measure.

4.2 Denseness of the Basins

To obtain that Leb (U N B(up)) > 0, for any open set U C S' x [0, 1], we only need to prove:
Proposition 4.6. Lebgi, ([r — €, 7 + €] X {s} N B(ug)) > 0, Ye > 0,(r, 5) € STx(0,1).
Proof. Due to corollary 4.5 and D¢ f" > 0, we only need to prove the following lemma. O
Lemma 4.7. dn € N, such that " ([r — €, r + €] X {s}) meets each interval {t} X [0, 5].

Proof. We fix some n € N such that 3"€ > 1, then the length of the projection to S of the
curve f*([r — €, r + €] x {s}) is large than 2. This implies that the curve intersect transversally
with W;((0,0)) = {0} X [0, 1). Since (0, 0) is a hyperbolic fixed point, the inclination lemma
says that there is a subsequence of { f"([r — €, r + €] X {s}) } oy cOnverging to S x {0} in the
sense of C!-topology, which leads to the conclusion. O
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4.3 Full Measure of the Basins

We remains to prove that Leb(Y) = 0, where ¥ = S x [0, 11\ (B(io) U B(u1)). In fact we can
prove a stronger proposition which implies it:

Proposition 4.8. Vs € (0,1), Lebgi g, Y =0.

First we need the following lemma and corollary. Notice that there is a condition Df, < 3
unused till now.

Lemma 4.9. Jr > 0 such that: ¥x = (r,5) € §' x [0,1], ¥v € T((S' x[0,1]), v =

0 0 4]
Vi—+Vvi—andw=Df(v) =w — + w'—, we have |V¥| < V| = [w’| < 7]w].

or ds or os’

Proof. Tt only needs some calculation. First we have:

0 p 0 0 0
Df(v)—va( )+vSDf( ) 3’(9 ( (9]:’ vSDCf)azer’+wS&.

Let «, 8 be universal positive constants such that 0 < D°f < @ and 3 < 3, and in particular

6f‘

we can choose « < 3. Taking 7 = 3 > (0, then we have:

of,

V<= w'| = |v’8— +V'Dfl < BV + ah’| < (ra + BIV'| = TIw'].
r

This lemma implies the following corollary immediately.

Corollary 4.10. If the graph of a curve y : [0,1] — S x [0,1] is T-Lipschitz when it is
regarded as a function from some segment in S' to [0, 1], so is f(y). |

Proof of proposition 4.8. We use reduction to absurdity and suppose that ds € (0, 1), such
that Leb (Sl x {s}N Y) > 0. Then Ir € S', such that (r, 5) is a Lebesgue density point of

1 3"
S'x{s}nY. Wedenotey, = [r— —,r+ 3—] x {s} endowed with probability n,, = 5 -Leb,, .
We will consider its nth iteration F = f"(y,), the corresponding probability v, = f/'(n,), and
the length of whose projection curve to S ! is 2.
Firstly, noticing that f™ (Y) = Y, then the Lebesgue density point theorem implies that
lim 77, (y,NY) = 1. As we did in the last section, the uniform distortion control for all

f”| tells us that, roughly speaking, v, on I';, are uniformly “equivalent” to 7,, and therefore
lim v, (I', N Y) = 1. Here the details are omitted to save trouble.
n—oo

Secondly, by corollary 4.10, T, is the graph of some 7-Lipschitz function ¢,. So by
Aezela-Ascoli theorem, there is an subsequence of {¢,},cn converging to a 7-Lipschitz func-
tion ¢ uniformly, which is the graph of some curve I" with projective length 2. If ' ¢ S x {0},
then Jn large enough, such that I,, ¢ S' x [0, 5], where § is given in proposition 4.2. So
due to proposition 4.2, since ¢, is T-Lipschitz, we can get that v, (I, N B(up)) > uo (Xs),
which makes a contradiction. If I' ¢ §' x {1}, the argument is all the same. Otherwise,
I ¢ S'x{0,1}. In this case I' intersects transversally with W;((0,0)), so as in lemma 4.7,
the inclination lemma tells us that there exist a subsegment I of I and m € N, such that
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. 1)
@ c St x o, 5], and the length of whose projective curve is 1. Instead of I', an argu-

ment on f"(I") similar to the above one leads to a contradiction again, so we complete the
proof. O

Up to now we have finished the whole proof of theorem 4.1 .

Exercise 4.1. In theorem 4.1, to obtain the same conclusion, the smoothness of f can be
reduced to C.

Clue to the proof. Review the whole proof of theorem 4.1, we only need to prove that lemma
4.3 still holds when £ is only C'. This can be achieved if we make use of absolute continuity
of log D¢ f instead of Holder continuity. O

Exercise 4.2. f:S' O isof class C'*? or even C' withDf > 0, and u is an ergodic invariant
measure for f such that fsl logDfdu < 0. Then u is a Dirac measure supported on some
sink, i.e. an attracting periodic orbit.

5 SRB Measures for Partially Hyperbolic Systems Whose
Central Direction Is Mostly Contracting

5.1 Partial Hyperbolicity

Let (M, g) be a compact Riemannian manifold and f : M O is a diffeomorphism. ||-|| denotes
the norm on M induced by g. A splitting of the tangent bundle, denoted by TM = E® F, is
called D f-invariant, or invariant shortly, if Df(Ey) = E¢y) and Df(Fy) = Fr), Yx € M.

Let us denote by Df | E, the restriction of Df to E, for each x € M, and it is similar toF.

Definition 5.1. An compact invariant subset K of M is called partially hyperbolic, if the
tangent bundle restricted to K has a D f-invariant splitting Tk M = E & F, such that 3C > 1
and 0 < A < 1, foreach x € K and n € N, we have:

Dfn|EX” ’ HDf‘”

< CA%, ie. E is dominated by F;

Fne

e cither HD f”l Ex“ < CA", when E is uniformly contracting,

or ||D f’"| F” < CA", when F is uniformly expanding.

In the first case we denote E = E* and F' = E“; in the second one E = E* and F = E". Here
s = stable, ¢ = center, and u = unstable.

Remark. In the above definition, the splitting of TM is usually not unique. For instance, when
TxkM = E°® E°® E“.

Proposition 5.1. In the above definition we can always choose another norm |-| on M equiv-
alent to || - ||, such that C = 1. Such a norm is called adapted to the partially hyperbolic
structure.
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logt —log A

Proof. Taking any T € (4,1) and N € N such that N > log C

, we define:

N-1 N-1
| = Z DA, veE and =) 7|DfW)|. veF.
0

i=0 i=
It is easy to verify that [Df(v)| < tlv|, v € E and IDf~'(v)| < 7|, v € F. So we can define:
v? = IvEI2 + IvFIZ, Yv=v,+v, € E®F.
Clearly this new norm is equivalent to the original one. O
According to the proposition above, we will always assume the norm || - || is adapted.

Proposition 5.2. The partially hyperbolic structure on K is robust under perturbation, i.e.
there exists an open neighborhood U of K, such that for any C'-diffeomorphism g : U —
g(U) € M sufficiently close to f in C'-topology, if K c U is an compact invariant set for g,
then K is also partially hyperbolic.

Clue to proof. Fixing a > 0, for each x € K, we introduce a cone at x:
Ch ={v=v,+v, €EQF [Vl 2 alv,Il}.

Clearly it is forward invariant, i.e. D f (C{f (x)) C C(f (f(x)). It is easy to see that:

E'(x) = ﬂo Dff .y (CEG ™)) -

We can prove that if g is a small C!-perturbation of f, then the right hand of the above equality
also represents the unstable subbundle for g, when f is replaced by g in the expression. The
analogous discussion on E°* is just the same. O

5.2 Invariant Foliations

From now on we assume that f is of class C? and there is a partially hyperbolic splitting
TxkM = E @ E* over K. Moreover, K is an topological attractor, i.e. there is an open

neighborhood U of K such that f(U) c U and K = () f"(U). Then the following theorem
n=0
holds:

Theorem 5.3 (Brin & Pesin). K admits a foliation structure whose leaves are C*-embedded
submanifolds tangent to E*, and the curvatures of the leaves are uniformly bounded.

Remark. Locally K is of the form C x D", where C ¢ D is compact, D’ is a disk tangent
to E°° and D" is similar.
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5.3 Distortion Control in the Unstable Direction

We introduce a new function J* /", which is defined as J* f"(x) = |det Df"

E(x)

Lemma 5.4. There is T > 0 such that for each n € N, logJ" f™ is t-Lipschitz as a function
on any certain unstable leaf L of the foliation of K.

Proof. Let us denote by d" the distance on each leaf. Because E* is uniformly expanding,
d"(f7(x), f(y)) < A"d"(x,y), Yx,y € L close enough. Compared with lemma 2.5, J*f™"
here is the analogue of f there. So we can follow the proof before. O

Corollary 5.5. As functions on L X L, we have:
lim (logJ“f™(x) — logJ* f™(y)) = log¢(x,y), Yx,y € L.

Moreover, logy is also T-Lipschitz. |

5.4 Measures Absolutely Continuous in the Unstable Direction

Let u be a probability on M with suppu € K, and C X D* is a local chart of K. Then there is a
positive measure r7 on C, which is the projection of ,u| cxpu 10 €, and a measure decomposition:

M pp = fc pe dn(€) .

Here & denotes the local unstable leaf and p; is the corresponding conditional measure with
respect to u.

Definition 5.2. Under the above conditions, y is called absolutely continuous in the unstable
direction, if for n-a.e. &, us << Leb .

Definition 5.3 (1-Gibbs State). Let u be absolutely continuous in the unstable direction and
C x D" be a local chart, we say u is a u-Gibbs state, if n-a.e. ¢ € C, us = ¢z Lebs and

pe(x)
— = s V) A 5 .
) Y(x,y), Vx,y€é

Lemma 5.6. Every invariant probability absolutely continuous in the unstable direction is a
u-Gibbs state.

Lemma 5.7. For any D C U being a C*-embedded disk transversal to E®* and of dimension
1

dimE", let uy be the normalized Lebesgue measure on D, and w,, = fiuo, v, = — 3, Wi. Then
n =0

every limit point v of {v,}nen is an invariant probability absolutely continuous in the unstable
direction, and hence a u-Gibbs state.

The main difficulty here is the following lemma.
Lemma 5.8. The curvatures of the disks f"(D) are uniformly bounded.

Lemma 5.9. Let v be a u-Gibbs state. Then in the sense of ergodic decomposition theorem,
almost all its ergodic components are u-Gibbs states.
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Proof. LetR, = {x ekK | x is regular for v}. Then v(R,) = 1, and Leb, (L, \ R,) = 0, for
v-a.e. x € K, since v is a u-Gibbs state. Here L, denotes the unstable leaf containing x, and
such an L, is regular, i.e. :

1
lim —

n—oo n

n—1 n—1

1
> 85y = lim - > Sy » ¥y € Ry 0 L.
i=0 i=0

Since the above limit is an ergodic measure, the support of almost every ergodic component
of v is a union of entire leaves, which implies the conclusion. m]

In fact we have the following much stronger result.

1 n-1
Theorem 5.10 (Bonatti & Viana). For Leb-a.e. x € U, any limit point of{ = 2 Ofigy) } is
ni=0 - neN
a u-Gibbs state. )

5.5 Systems Whose Central-Stable Direction Is Mostly Contracting

By mostly contracting, we mean that there is a nonuniform contraction in the central-stable
direction.

Theorem 5.11 (Bonatti & Viana). Assume that for every unstable leaf L there is a subset X
with Leby(X) > 0, such that Vx € X, its upper central-stable Lyapunov exponent

. . 1 "
A$(x) = limsup — log ”Df |E“_(x) <0.
n—+oo N
Then we have:
(1) there are only finitely many ergodic u-Gibbs states py, -+ , lUn;

(2) each u; is an SRB measure;
(3) Leb (K\ () B(]li)) - 0.
i=1

Clue to proof. ¥x € L with A$*(x) < 0, there is a C2-embedded disk W5 (x), the so called
“Pesin stable manifold”, tangent to E°° and y € Wg'(x) = nEIPoo d(f"(x), f"(y) = 0. Asa
result, for each unstable leaf L, there are § > 0 and X c L with Leb;(X) > 0, such that Vx € X,
the radius of W§*(x) is large than 6. According to a theorem of Pugh & Shub, when f is C?,
the foliation of local central-stable manifolds is absolutely continuous.

Therefore, if 1 is an ergodic u-Gibbs state, then we can take a regular leaf L for u and a
corresponding X C L as above. So we have:

Bw> ) Wi,

XEXNB(u)

and the latter is of positive Lebesgue measure, i.e. ¢ is an SRB measure.
If there are infinitely many ergodic u-Gibbs states, then we can pick a convergent sequence
{t4n}nen of them, such that lim y,, = p. Then yu is also a u-Gibbs state, and so is one of its
n—o0o

ergodic components v. Let L C suppv C supp u be an unstable leaf. Then when # is large
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enough, L C supp u,. It contradicts to the assumption that y,,’s are distinct, since they are all
ergodic.
n
To prove Leb (K \U B(y,-)) = 0, we can follow what we did in subsection 4.3, here we
i=1
do not show the details again. O
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