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Two armed bandit algorithm

> HISTORY. e Goes back to Mathematical Psychology: M.F. Norman,

[1968] On linear Models with Two Absorbing Barriers, J. of Mathematical Psychlogy, 5, pp.225-241..

o Learing Automata: K.S. Narendra, M.A.L. Thathachar [1974] rearning

Automata - A survey, IEEE Trans. Systems, Man., Cybernetics, S.M.C-4, pp. 323-334. learning automata.
Known as “LRI” for “Linear Reward-Inaction” algorithm.

> PRINCIPLE (ADAPTED TO HEDGE FUND MANAGEMENT)Z
e Two traders A and B manage X,, % and 1 — X,, % of a fund at
time n.
e Evaluation at random, proportionally to the managed share =
head & tail with parameter X, € (0,1).
o Respective performances at time n are rated (if evaluated) by a
0-1 principle:

A, ={Ais OK at time n}, B, ={B is OK at time n}

o Reward is proportional to the other’s trader managed share.
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Modeling

> Focus on the share managed by trader A.

1{Un+1SXn}ﬂAn+1 (1 - Xn)
Xny1 = Xn 4+ Tny1 X €(0,1)
1{Un+1>X'n}mBn+1 (_Xn)

where Xy = z € (0,1] and

o (Up)n>1 is iid, Uy ~ U([0, 1]), independent of
° (Ana Bn)nzla iid7 P(An) =Pas > P(Bn) = Pp-

@ v, € (0,1] a decreasing “gain parameter” such that

Zvn:+oo and Z%% < +o0

n>1 n>1

o F, = o(Ug, A, Bi, 1 <k < n) the filtration of the procedure.
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Canonical form

>Set m=p, —py >0.

AXTL—‘:—l

- | X5 :x) =71X,(1-X,)
n

h(m):E<

> Canonical form:
Xn+1=Xn + 17 Xn(1 — X)) + AMy 4
where
AMpy1 = (1= Xo) 1w, <X 30 An— X0 (U, 15> X 30B ™ TXn (1= X5)
and

E(AM? | Fn) = Xn(1 = X))y (1 — X0) + 9, X0 — 72 X0 (1 — X))
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> (X, )n>1 is a bounded sub-martingale hence X, asbp! Xoo

so that

1 1
0<E — = = — = —
SE|[ D mXn(l - Xp) —(B(Xp) —7) — — (EX, — =)
n>1

hence

27n (1-X,) <+oc0 a.s.

n>1
so that

Xoo(l = Xoo) = liminf X,,(1 - X,,) =0 a.s.
i.e.
P(Xeo =00r1)=1.

> But...

0 is a (noiseless!) trap and 1 is a (noiseless!) target.
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An old problem

> The ODE method (fails):
t=mx(l—x)

then

o 6Trt

1 P t) =0g———
Vo€ (07 ]7 (x()? ) mol—Io-l—onem

1 is an attractor (target) with attracting area A; = (0, 1].
Old but celebrated Kushner-Clark’s Theorem says:

“If X, visits infinitely often a compact subset of Ay then X,, — 1...”

i.e.

limsup,, X;, >0 = lim, X;, =1 which is. ..empty.
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> “Anti-trap” Theorems (Pemantle [1990], Lazarev [1992],
Brandiere-Duflo [1996], etc) fail as well.

Typically (in 1-dimension)
XnJrl - Xn + /7n+1H(Xna Un+1), (Un)nzl lld? ~ ‘C(U)a
with standard decreasing step assumption. If

h(z) =E(H(z,U)), h(z*)=0, h(z*)>0 and EH?*@z*U)>0,

then P(X,, — 2*) =0.

> Adding “repulsive” noise at the trap 0 is impossible: 0 is an
endpoint of the state space. ..
> Question:

When can the bandit be trusted (to manage a hedge fund)?

(Like Olympia Capital Management, see M. Niang [2003]).
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When can the bandit be trusted?

When can the bandit be trusted?

> An answer by Lamberton-P.-Tarres (2005) in AAP.

Let v, = <C’in> ,0<a<1,C>0 (for the talk).

elf0<a<lora=1andC > pL then the bandit is fallible:
B

P(Xoo = 0) > 0.

o If a=1and C < -, the bandit is infallible (e.g. if C = 1).
B
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What about the rate of convergence?

What about the rate of convergence?
Lamberton-P. (2007) in Stochastic Analysis and Applications.

> Usual theorems fail: CLT at rate ,/7,, LLI, Ruppert-Poliak
principle, etc.)

> Beginning of completely new story. ..
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Rate of convergence to the trap

FIRST STEP. {X,, = 0} = {Z X, < +oc}

n

~ X,
> Set X, =—,n>0 (v, =1).

Tn

~ ~ 1 1
Xn+1 = X,+X, ( -—+ 7T(1 - Xn)> + A]\4n-i-1
Tn+1 Tn
n+1 1
= Xo+ ) Xpi| 5+7(1—=Xp—1) ) + Myy
C
k=1
X 1 “
n+1
> — Xip(l1—-—X Myiq.
1 = $+<C+W>Z k( k) + My

k=0
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BN
>Set S,=z4+ X1+ + X,

On {X, — 0} N{> X, =+00}, (M)n~p,Sn1

hence

1 . M, 1
>0+ —= +7+1lim = — 4.
C n

n

lim inf
n Tnon—1
so that, for n > ny,
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Geometric convergence to the trap !

>> Starting form the compensator identity (using (U,) i.i.d.)

{ZXn < +oo} = {Z L{p, <X} < +oo}

on the event {X,, — 0}, X,, < Up41 for n > ng (A is never tested!...).

> Consequently, on {X,, — 0},

n

Xn = Xnp [[ (0—m1s)
k=no+1
n
~ EzH(l_PB’Yk)
k=1

1
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> First conclusion for the trap 0: one retrieves

o If Cp, <1, then infallibility! (Vz e (0,1])
o If Cp, > 1, then fallibility with positive probability:

P(X, — 0) ZX < +00) Z{Unﬂqn} < +00)

=limP ﬂ {Uk+1 > X} (A no longer tested)
n
k>n

=limP | () {Uks1> X, H —e15,)}

k>n
k
= limE|P (V{Uks1>Xu] [(1 = velp,)} |0(Xn, B, £ > n)
k>n {=n
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k
P(XOOIO) = hranE H(l_XnH(1_7€p5)>

k>n l=n

v

. i Cp,
hﬁnE H (1_H(1_C+€))

k>n l=n

> 0 if Cp,>1
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And now toward the target. ..

> A symmetry argument. Set X, = 1=2=
X ¥ 1
Xnt1 = Xo+(1-Xn) (C’ B WXn) — AM, 1

so that, if £ < 7 — 7, on the event {X,, — 1} N 1—- X, =+o0},
C n

1-X, 1
lim su — < ——7m1+n<0
n P '}/nSn C K

Finally, one shows that...1 - X, < K, n~(1H+1C))

1
fC> = X, —1} = 1- X, .
C>7T, {X,, — 1} {zn: <+oo}
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Carrying over with the symmetry argument

> FIRST CONCLUSION FOR THE TARGET 1

1
If ¢ > —, then
T

[1]

on {X, —1}, X, ~

X .
nCPa
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1
What about C' < — 7

> A NEW MARTINGALE.

1- Xn+1 =1- Xn(l - 77’7n+1Xn) - '7n+1An+1
so that

Y, — 1 y T AM
= = — T — k

is a new non-negative martingale!

Y, — Y >0 a.s., YseLY(P).
Now, using >, vn(1 — X, —1) < 400 on {X,, — 1}, one shows that
o 1 — e Xp—1

19 / 36
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since Z'yn(l — X,-1) < 400 on {X,, — 1}.

n
>> (Partial) Conclusion on the target 1

1-X,
ngkgn(l — TYk)

— &Y a.s.
i.e.

nC”(l —X,) — &Y >0 a.s.
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Is it the true rate ? i.e. Yy, > 07

> A FUNDAMENTAL “TRAP INEQUALITY” (L.P.T.(2003))
Let (Y;,)n>0 be an L?-martingale with compensator (Y),,.

1 E((Y)n%1]Fn)
P(Yoo = 0|F,) < Y—an (Yoo — Yp)?|Fn) = Ty

> AND ITS APPLICATION. . .

2
7
AY), = E(AY,)?|F,) < n P Xn1(1— X 1)
(Y)n ((AYR)"[Fn) Thhpan(l— mpp)2Pa n
2
Tn
< Y1
ngkgn(l_W’Yk) "
2
Tk Y1

Y)n <
' k>nt1 [Ti<o<k (X = 770)
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Vi
k>ntl [Ti<ecr (X = 7m0)

E(Y)n [ Fn) < Yo

since (Y,)n>0 is martingale.

P(Yao = 0\F,) < — i
( w0 =0l n> = Y. Kot H1§£§k(1 — )
< 1 H1§k§n(1 — TYk) ’Y;%
~ g 1-X, ) [Ti<ecn (1= m70)
< 1 n " x n ¢!
Tl X,
< zn(l—an) owing to fyn:CLJrn.
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The fastest way to 1 is to evaluate A at every instant n, so that

n n
1-X, > (1—z) [[(1—n1a,) ~ )& T —pave) ~ (1—z)¢'nPa
k=1 k=1

so that 1
P(Y, = < ——
(Yoo = 01 Fa) S € % —=-

> FIRST CONCLUSION ON THE TARGET 1

IfC < pi, then Yy >0 a.s.
A

since
liy, o} = limP(Yoee = 0] Fn) =0 a.s.
n

i.e.

1
< — = 1—XnN§YOOn_CW a.s.
Pa >0
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pi < C < 1 a two regime convergence !
A

> On the one hand, by a symmetry argument (coming from fallibility)

Z H(l—pAyk) = Zn_CpA <400 = P(X ~ Cn_c”A) >0, ¢ >0a.s.
n

n k>n

> On the other hand, one shows that

2
E(XTLYH ’fn) = XnilYnil (1 ~ P H k< (1,7—71 7T7ka 1))
1<k<n -

so that

2
E(XOOYOO) = =(l-a) H (1 ~ [li<i< ’ﬁ - 7T’Yk))
z(1—x) H (1 - n;iAC’T) > 0.

WV
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E(l{Xoozl}Yoo) = E(XOOYOO) >0

which implies

P(Xoo =1, Yoo >0) >0

i.e.

P(X ~¢'n ") >0, ¢>0as.
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> Blind choice = C = 1! Infallibility but (possibly very) poor rate

1— X, ~=Zyn Pa=Pp)
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What about infallibility good rates?

What about infallibility and good rates?
Lamberton-P. (2008) in EJP (2008) introduce

LRI —> LRP
>> (Still) Focus on the share managed by trader A.

l{Un+1§Xn}ﬁAn+1 (1 - Xn)
Xnt1=Xpn + Yng1 X
1{Un+1 >Xn}NBri1 (_Xn)
1{Un+1SXn}chn+l (_Xn)
+  nt1Pn+1 X € (0, 1)
1{Un+1>Xn}chn+1 (1 - X”l)
where Xy =z € (0,1].
e 7, reward parameter.
® Ynpn penalty parameter.
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Total Infallibility

9
> THEOREM. If Ze_Tn < +o0 and

n

sup—<+oo Z’ann——FOO and p, — 0
n Pn

then
(pA > pB) - (Xn 22, 1)

>SKETCH OF PROOF.
Xn+1 =X, + '7n+17an(1 - Xn) + 'Yn—l—lpn—o—l/i(Xn) + 7n+1AMn+1
where k is a “noiseless repeller”

r(r) = —(1—p,)2* + (1 —p,)A—2)%, #(0)=(1-p,)>0.
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e —
e The ODE method implies a.s.lim,, X,, € {0,1} as before.

o The noiseless repeller effect:

n n
Xn 2o+ Z’Ykﬂkﬁ(Xk_ﬂ + Z’YkAMk
k=1 k=1

and
2

<CZ% <C'sup— X Z’ykpk
T k=1
2

Z YA Mj,
k=1

so that
e RAM L2(p
Lo WAM 1)
> k=1 VkPk
Consequently, on the event {X, — 0},

I X
> lim sup Zk:ﬁ Pk Xe-1) =r(0) >0 a.s.

D k1 VkPk n D k1 VkPk

2p—1 WAMy

> 0.
Zk 1 VEPE

= a.s. hmsup

n

lim sup
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Rate of convergence

> Theorem 1 (a) “Cvgce assumptions” + pp, — pp—1 = 0(pPnYn)-

1-X, p 1—17,4
— s .

Pn ™

Y, :

(b) Yo =c1n™%, pp=con™? a+b< 1, b < a, then

1—p
Y a.s. A
n — -

Key : Benett’s Inequality for bounded martingale increments (see e.g.
Meyer).
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> THEOREM 2 “Cvgce assumptions” + =, = gpn, g > 0.
(a) A pseudo-C'LT:

L
Y, — v,

v invariant distribution of a cadlag (mean-reverting) Markov process
(Ye)i>o0

dY; = (1-p, —ﬂ)@)dt—l—d]\fﬂfg Yods M= %3, N standard Poisson process.

(b) Absolute continuity: the distribution v = p.\g, ¢ solution to a
delay ODE.

Practical recommendations: Best rate with

Yo = pp ="N 2 (Weak) Rate of convergence = /n.
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Publicité. . .

101 Gills Pages stré par Nicolas Dahan

QUIZZ QUI
BANQUENT

Gilles Pages

Vous avez surpris votre fls 4 allumer des cierges de
toutes les tailles devant la télévision pour mesurer la
durée des matchs de football juste aprés avoir observé,
incrédule, votre flle nouer au hasard les extrémités de
ses spaghettis al dente, formant ainsi dans son assiette
des cercles quelle répertorie avec soin. Rassurez-vous,
ces jeunes gens ne sont pas sous la menace dune crise
mystique ou d'anorexie, ils envisagent simplement
de se lancer dans la carriére d'analyste en finance
quantitative, voire, qui sait, de trader.

1 01 Gilles Pages

QUIZZ QUI .
BANQUENT

Mathématiques et finance
sont-elles indépendantes ?

p
101 «énigmes »
proposées lors déentretiens dembauche (ou de stage)
en finance quantitative dans les plus prestigieux
établissements présents sur les places financiéres
européennes.

améditer - et surtout a se torturer les méninges - pour

P
logiques, de paradoxes probabilistes et d'astuces
perverses. Au détour d'un chapitre on y croisera méme
quelques célebrités.
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