LECTURES ON THE SHAFAREVICH CONJECTURE ON
UNIFORMIZATION

PHILIPPE EYSSIDIEUX

1. INTRODUCTION

This is a set of lecture notes for a course given at the Summer School “ Uni-
formisation de familles de variétés complexes” organised by L. Meersseman in
Dijon (France) August, 31-September 11, 2009 and funded by the ANR project
“Complexe” (ANR-08-JCJC-0130-01), the Ecole doctorale Carnot and the Institut
Mathématique de Bourgogne.

These notes are meant to serve as an introduction to non abelian Hodge theory
with a focus on its use in the Shafarevich problem.

Definitions and notations. For background information on Ké&hler manifolds
and Hodge Theory, a useful reference is [Voi02]. We will not give any details on
the facts and definitions already contained there.

In the sequel, X denotes a compact connected Kéhler manifo/ldv and w a Kahler
form on X. Its universal covering space will be denoted by 7 : X“» — X.

Uniformization in several complex variables. Basic examples. Uniformiza-
tion in complex geometry aims at understanding the universal covering space, the
fundamental group and hence the various covering spaces of complex manifolds. In
these notes, I will focus on the compact Kéhler case.

The Riemann uniformization theorem, whose first complete proof was given inde-
pendantly by Koebe and Poincaré in 1907, states that a simply connected Riemann
surface is isomorphic to P1(C), C or A = {z € C| |2| < 1}. As a corollary, one can
describe the universal covering space of a compact Riemann surface according to
the following;:

Theorem 1.0.1. Let C be a compact connected Riemann surface of genus g and
w: U — C be its universal covering space.
If g=0: then C is simply connected, U = C and C ~ P1(C).
If g=1: then U ~C, C ~ A\C where A ~ Z? is a rank 2 discrete subgroup
of C.
If g>2: then U ~ A, C ~ T'\A where I' C PU(1,1) is a torsion-free co-
compact discrete subgroup isomorphic to

—1;-1 —17-1
<ai,bi,...,ag,by | arbiai b] coeagbga b =1>
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It was realized early that the situation is much more complicated in several
complex variables. For instance, the bidisk and the complex two ball are not iso-
morphic as complex manifolds but can be realized as the universal covering space
of a complex projective surface of general type.

Compact Kéhler manifolds with infinite fundamental groups are not too abun-
dant. Nevertheless, a nice zoology of examples can be displayed.

Complex tori: Let A € C" be a rank 2n lattice. The complex torus A\C™
is a compact Kahler manifold whose universal covering space is C™. It is a
projective manifold (and hence an abelian variety) iff the weight -1 Z-Hodge
structure determined by A € C™ can be polarized.

Hermitian locally symmetric spaces: Let 2 be a bounded symmetric do-
main (cf. [Sat80]). Familiar examples of irreducible bounded symmetric
domains are complex balls (aka complex hyperbolic spaces), Siegel upper
half planes, period domains for K3 surfaces.

Let T' be a cocompact torsion free lattice! in Aut(f2), then T'\Q is a
canonically polarized projective manifold whose universal covering space is
Q.

Kuga varieties: When the bounded symmetric domain {2 is classical, pro-
vided I" € Aut(€2) is well chosen (see [Sat80] for details), then I'\Q appears
as a fine moduli space for a family of abelian varieties of genus g with non
trivial Q-endomorphism ring, polarization type and level structure. This
gives rise to an abelian scheme 7 : Ar — I'\Q). The universal covering of
the smooth projective manifold A is then biholomorphic to Q x CY.

Kodaira surfaces: A Kodaira surface is a projective surface S endowed with
a smooth fibration p : S — C whose fibers have genus > 2. Then the
universal covering space can be realized as a bounded pseudoconvex domain
in C? ([Gri71], lemma 6.2, p.39).

Mostow-Siu surfaces and Deraux threefold: In [MoSiu80], exotic (i.e.
non complex hyperbolic) projective surfaces of negative curvature are con-
structed. Improving this construction, M. Deraux was able to produce an
example in dimension 3 in [Der05]. In this examples, the universal covering

space can be expressed as an infinite ramified covering space over a complex
ball.

In all these cases, the universal covering space is Stein and contractible and the
compact Kéhler manifold is an Eilenberg- Mac Lane K (7, 1).

Shafarevich conjecture on holomorphic convexity. Further examples of com-
pact Kéhler manifolds with Stein universal covering space can easily be constructed.
For instance, any smooth submanifold Y in a projective manifold X with Stein uni-
versal covering space has Stein universal covering space, too. On the other hand,
even in case the universal covering space of X is contractible, the universal covering
space of a sufficiently ample smooth complete intersection of dimension d > 2 has
a non trivial 4. In particular, its universal covering space is not contractible.

In this example, the manifold has a 1-connected holomorphic embedding into
a compact Kéhler K(m,1). Toledo’s example of a compact Kéhler manifold with
non residually finite Kahler group comes equiped with an embedding into a smooth

LThis always exist by a theorem of A. Borel.
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quasiprojective K(m,1) [Tol93]. However, the fundamental groups of some projec-
tive manifolds constructed in [DPS09] do not have a finite CW-complex as a K (7, 1).
In particular these manifolds cannot have a 1-connected holomorphic embedding
into a compactifiable complex manifold with contractible universal covering space.

On the other hand, the universal covering space of a compact Kéahler manifold
may contain positive dimensional compact complex analytic subvarieties. The uni-
versal covering space of the blow-up at the origin of the complex torus T' = A\C"
is the blow up of C™ at all lattice points in A and contains an infinite collection of
copies of P"71(C).

The Shafarevich conjecture takes these examples into account and predicts that
the universal covering space of a complex projective manifold (compact and embed-
dable in P¥(C)) should be holomorphically convex. ? This problem is still open,
in spite of the recent positive results contained in [Eys04] [EKPRO09].

Definition 1.0.2. A complex analytic space S is holomorphically convex if there
is a proper holomorphic morphism w : S — T with w,Og = Or such that T is a
Stein space. T is then called the Cartan-Remmert reduction of S.

Remark 1.0.3. If S is a normal holomorphically conver complex analytic space (in
particular a complex manifold), then its Cartan-Remmert reduction T' is a normal
Stein space.
If S is holomorphically convex and (x,)nen is a sequence of points in S escaping
to infinity there exists a holomorphic function f such that
lim |f(z,)| = +o0.

n—oo
Let us give some evidence towards the Shafarevich conjecture.

o If S is a compact Kahler surface with x(S) < 1 then its universal covering
space is holomorphically convex [GurSha85].

e If X; and X5, have holomorphically convex universal coverings so has X7 x
X5,

e If X and Y are bimeromorphic compact Kéhler manifolds, then X has a
holomorphically convex universal covering iff Y has too.

e If f: X — Y is a holomorphic map such that f, : m(X) — m1(Y) has
finite kernel and Y has a holomorphically convex universal covering then
X has too.

In the last statement, one cannot drop the restriction on f, since the universal
covering space of a holomorphically convex manifold needs not be holomorphically
3
convex®.
This defect can be used as an excuse to consider a slightly more general problem.
Let H C m(X) be a normal subgroup. Say (X, H) satisfies (HC) iff H\Xu» is
holomorphically convex. Obviously, the Shafarevich conjecture states that (X, {e})

should satisfy (HC) if X is a complex projective manifold.

2This problem was actually not formulated as a conjecture in the last chapter in [Sha74].

3The minimal resolution of a small Stein neighborhood of an elliptic surface singularity is obvi-
ously holomorphically convex. The singularity can have a rational nodal curve as an exceptionnal
divisor. This rational curve then unfolds in the universal covering space as a connected infinite
chain of rational curves on which holomorphic functions are constant. Hence this covering space
cannot be holomorphically convex.



4 PHILIPPE EYSSIDIEUX
Lemma 1.0.4. If (X, H) satisfies (HC) and f : Y — X is an holomorphic map
from a compact Kihler manifold then (Y, f7YH) satisfies (HC).
If (X, H) satisfies (HC), then there is a proper holomorphic mapping with con-
nected fibers
S H\X — Sp(X).

It contracts precisely the compact connected analytic subspaces of H \ﬁl The
mapping s’ is equivariant under the Galois group G' = H\7(X) which acts prop-

erly and cocompactly on Sy (X).

—~—

The quotient map s : X — G\Sy(X) is called the H-Shafarevich morphism.
In the influential article [Kol93], J. Kolldr made it clear that constructing the H-
Shafarevich morphism is the first step to settle when trying to prove (HC). The

second step is to prove that the normal complex space Sy (X) is Stein - the problem
can be reduced to constructing a strongly plurisubharmonic exhaustion function on

—_~—

Su(X). In fact the best general result in the direction of this first step was given
in the independant and simultaneous works of J. Kollar and F. Campana:

Theorem 1.0.5. ([Cam94], [Kol93] in the projective case) One can construct a G-
equivariant meromorphic map st : H\ﬁ — Su(X) which is proper and holomor-
phic outside (s#)~1(Z) where Z C Sy (X) is a proper complex analytic G-invariant

subvariety such that the general fiber of sH is a maximal compact connected analytic
subvariety of H\Xv".

In this theorem, H needs not be a normal subgroup. Nevertheless, these cy-
cle theoretic methods are unlikely to help in producing non constant holomorphic
functions and thus will not help for the second step. Indeed (HC) depends on the
group H in view of the Cousin example:

Example 1.0.6. Let X be a simple abelian variety and p : m(X) = H1(X) — Z be

a surjective homomorphism. Then ker(p)\ﬁl has no positive dimensional compact
complex subvariety but does not carry any non constant holomorphic function either.

Hence the Shafarevich problem is an instance of the problem of determining
which pairs (X, H) satisfy (HC). The articles [Eys04] [EKPRO09] construct for every
complex projective manifold X natural invariant subgroups H < 71 (X) such that
(X, H) satisty (HC). As a corollary, this gives the Shafarevich conjecture provided
the fundamental group embeds in GLy(C) for some N € N.

These notes are organized as follows. Section 2 and 3 survey the relevant aspects
of non abelian Hodge theory in the archimedian and the non archimedian setting.
Section 4 survey the construction of the Shafarevich morphism from [Eys04] and
section 5 the final section of that article. Section 6 surveys the main ideas of the
proof of the linear Shafarevich conjecture [EKPR09]. The last section describes
some open problems and directions for future research.

2. NON ABELIAN HODGE THEORY IN THE ARCHIMEDIAN CASE

Let G be an affine algebraic group over a field K. Let T be a connected topo-
logical space endowed with a base point ¢ € T. We assume 7T is homeomorphic
to a simplicial complex- this is the case if T is a complex analytic space. We can
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construct the sheaf G(K) of locally constant functions with values in G(K). Non
abelian cohomology is well defined in degree 1 and the cohomology set H*(T, G(K))
can be identified with the set

Hom(m(T' 1), G(K))/G(K)

where G(K) acts by conjugation on the set of representations of 71 (T, t) in G(K).

Assume for a short while that G = G, is the additive group. This boils down
to the well known isomorphism H(T, Kt) ~ Hom(m(T,t), K). Assume also that
K = R and that T is homeomorphic to a compact Riemannian manifold (M, g).
The Hodge theorem then gives an isomorphism:

H*(M,R) — H*(M,R) c 2¥(M,R)

where H¥(M,R) is the space of harmonic k-forms on M and Z*(M,R) is the
space of closed k-forms. This Hodge isomorphism is a right inverse for the natural
integration map Z¥(M,R) — H¥(M,R) = Hom(Hy(M,R),R). Hence, for k =
1, we have canonical one-forms representing 1-cohomology classes with values in
Ga(R).

The theory of harmonic mappings is an analog of the Hodge theorem for 1-
cohomology classes with values in G(K) if G is reductive and K is either R or C
or a (locally compact) local field (i.e.: an algebraic extension of Q, or F;((T)) - p,!
being prime numbers. ).

In the Kahler case, special phenomena occur. They are rich enough to deserve
the name of non abelian Hodge theory (in degree 1).

2.1. Harmonic mappings into Symmetric spaces.

2.1.1. The Riemannian symmetric space attached to a reductive real algebraic group.
Let G be a reductive algebraic group over R such that G(R) is connected. In
particular G(R) = Z(G).S where the identity component of the center Z(G) is
isomorphic to (S1)? x (R%,)? and S is a connected semisimple Lie group with
Z(G) N S finite.

Note that given an algebraic group G’ over C, G'(C) may be wieved as the set
of R-points of G = Rescjr(G’) (Weil’s restriction of scalars). The main example
we have in mind is G = Rescr(GLy) so that G(R) = GLy(C).

Consider K a maximal compact subgroup G(R). The riemannian symmetric
space attached to G can be defined set theoretically as the space of left cosets
Riem(G) = G(R)/K.

Theorem 2.1.1. The space R = Riem(G) with its quotient topology is a con-
tractible manifold that can be endowed with a complete Riemannian metric ds% of
nonpositive sectional curvature. The natural left action of G(R) on R is a proper
isometric action. This metric is symmetric in the sense that its curvature tensor
is Levi-Civita parallel.

Actually R = R? x Hle R; where S = S;....5; is a decomposition of S in almost
simple factors and R, = Riem(S;). The metric splits accordingly and gives an
euclidean metric on the flat factor R? and a symmetric metric well defined up to
a scalar on R;. In particular ds% is not unique: it can be rescaled on each simple
factor and be changed to another euclidean metric on the flat factor.

A standard reference for the theory of Riemannian symmetric spaces is [Hel78].
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In case G(R) = GLy(C), R = GLx(C)/U(N) = HZ° the space of positive
definite N x N-hermitian symmetric matrices*. One has Hf,o = R x Hy where
Hy = SLy(C)/SU(N) is the space of positive definite hermitian matrices of de-
terminant 1.

The GLy(C) case is somehow universal since there always exist a complex faith-
ful representation o : G(R) — GLy(C), for N > 0, ® which determines a totally
geodesic embedding;:

& : Riem(G) — GLx(C)/U(N).

2.1.2. The energy integral. Now, let (M,g) be a compact connected Riemannian

manifold endowed with a base point mg € M and let 7 : (WL,MO) — (M, my)
be the universal covering space . Consider furthermore p : 71 (M, mg) — G(R) a
representation.

Proposition 2.1.2. Let k € N. The space Ck(W,Riem(G))p of C*-mappings
¢ from M¥™ to Riem(G) such that

V(v,m) € m(M,mg) x M, ¢(v.im) = p(7).6(m)

is a non empty contractible Banach manifold.

Proof: The space Ck(ml, Riem(Q)), is the space of C* sections of the fiber
bundle p : w1 (M, mg)\R x M¥"* — M where the fundamental group acts by

v-(z,m) = (p(y).x,y.1m).

If my € R>o with ), my = land 2y, ..., 2, € Rwe candefine § = 3((x1,m),..
R as the point where z — Zle m;d?(x,z;) achieves its minimum. This function
is smooth proper and strongly convex on R hence § is well determined and defines
a smooth mapping.

Using local sections s; of p on a covering of M by open sets U; and a partition of
unity ¢; one can construct a section s of p by the formula s(m) = B((s;(m), ¢:(m));)
for m € M. o

A retraction to s € C*(M¥", Riem(G)), can be given by the explicit formula

H(t,s") = B((s,1 —1t),(s,t) for ' € [0,1], " € Ck(W,Riem(G))p. O
In case G(R) = GLy(C) the space C* (W, Riem(G)), coincides with the space
of C*-hermitian metrics on the vector bundle
V, = m(M,m)\(CY x M) — M
underlying the local system V, attached to p.
In case N = 1 and k > 1 an element of Ck(W,Riem(G))p is a C* map
o : Mun — R such that:

¢(y-m) = ¢(m) + 2log |p(v)|
In particular d¢ € Zl(l\//ﬁ?‘7 R)™1(Mm) — Z1(M,R) and f7 d¢ = 2log|p(7y)|. Hence
d¢ is a De Rham representative of the cohomology class 2log|p(vy)|. Conversely

“In the degenerate case where N = 1, then R = R and z € GL;(C) = C* acts by ¢ — t+2log |z].
5arising from a R-algebraic group morphism G — RescrGLN

o (Tk,my)) €
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for any C*~1! De Rham representative o and integration constant ¢ € R we can
produce an element of C*(Mun, R)210g |p| setting

¢(m)=/ma+c.

mi

Let ¢ € CH (M, Riem(G)), and i € M. Then de, € Hompg(T M™, Ty ()
and both vector spaces have the norms p*g,,, resp. ds%) $(m) and one can define

a real number e(¢,m) as the Hilbert-Schmid norm of d¢y;. Since ¢ is equivari-
ant m — e(¢p,m) is m1 (M, mg)-equivariant and descend to e(¢) € C°(M,R). One
defines E(¢) = [,, e(¢)dVol(g).

Then E : Cl(m, Riem(G)), — R is a functional called the energy integral.

2.1.3. Basic existence theorems of Eells-Sampson and Corlette. The following propo
sition suggests existence of global minimizers of the energy functional.

Proposition 2.1.3. [EeSa64] F is a convex functionnal.

In fact, it is not trivial to find a global minimizer. If the Zariski closure of
p(m1(M,myg)) is a reductive subgroup of G, we will say p is reductive. It is unfor-
tunate that this terminology competes in the litterature with “ semisimple”.

Theorem 2.1.4. [Cor88] E has a global minimizer if and only if the Zariski closure
of p(m1(M,myg)) is a reductive subgroup of G. Furthermore, these global minimizers
are smooth.

In case G(R) = C*, for ¢ € C’“(W,R)mogm, E(¢) = [,,1d$|* hence the
differential of a global minimizer is precisely the harmonic representative of the
cohomology class 2log |p|.

In case p(m (M, mo)) C G(R) is discrete and cocompact, it is Zariski dense
and Corlette’s theorem applies. Note that this fact was already a consequence of
[EeSa64].

2.1.4. The Euler Lagrange equations for the energy integral. Introduce local coordi-
nates (%) on M and global coordinates (y') on Riem(G) and write using Einstein’s
summation convention

g= gabdac“dacb7 ds?% = hijdyidyj.

In local coordinates ¢ € Cl(ml, Riem(G)), can be written as ¢ = (¢*) and

E(¢) = /M hij(9)g® oL o] |g|dat...dz™

where ¢ = 52 ¢' = 0,¢'.

Consider ¢; a one parameter smooth variation of ¢ = ¢y. We assume that ¢; = ¢
outside of the coordinate chart on M where the local coordinates are defined. If ¢
is a critical point of E we have at ¢t = 0:

) o
W /M 57 (s (2)g" @8] lglda’ ..da™ = 0.

Now compute:
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D (g g) = hogab O i 0
8t(h”(¢)g ¢a¢b) - hz]g 81’aat¢ al'b(z)
a (9 '3 2 y a 7 j
+hijg baxa¢ 5501 ” + Oxhij 09" g™ 91,03

Integrating by parts in (1) gives:
| (lal 0ulalhsa™6}) ~ a1~ aulalhia™ )
+0ihijg"' 040361 gldz = 0.
Further derivating, we get:
|| b0k — g0k, — g™k
—2.1i5191 " 0a(|gl9"*#})) 1|9l dz = 0.
Changing dummy indices k, j in third term, we get:
| Coumjg ek — iy ok, — 0, uig™ 0%
~2.hijlg| ™" Da(l9lg* ¢})) % lglda = 0.
Now the Christoffel symbol Ffj of (N, h) satisfies:
Oihij — Okhij — Ojhi; = —2T ;hu.
And the Laplace-Beltrami operator of (M, g) is:
A = 9|7 8a(lgl9™*8s)
Hence the expression simplifies to:
/ (=20 hig™ Oy — 2.hi AF)gilglda = 0.
M
Which can be rewritten as:
|| (bhsig ot~ 20006l glds = o
Or as:
| (2ot - 2,800 hiyolae = .

Since ¢! is arbitrary, ¢ satisfies the semilinear partial differential equation:
(2) A¢ +T7,(9)g™ b5}, = 0
Corollary 2.1.5. Let Riem(G) = R? x [[, R; be the decomposition of R into a
flat factor R? and irreducible symmetric spaces R; of non compact type (i.e.: such

that Aut(R;) is almost simple). Every twisted harmonic map from M to Riem(G)
decomposes as a product of harmonic maps taking their values in each factor.

Hence the notion of a harmonic mapping with values in Riem(G) does not depend
of the choice of a symmetric metric ds%.

Remark 2.1.6. Schauder estimates reduce the proof of smoothness of ¢ to a C*-
estimate.
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The preceding calculations could be carried out for an arbitrary Riemannian
manifold (N, h) in place of (R,ds%). In the following paragraph, we consider this
more general case.

2.2. Kahler case: Pluriharmonicity.

2.2.1. Sampson’s Bochner formula. In this paragraph, we follow closely the calcu-
lation in [Sam86]. The result of this calculation is the main tool we use.

Assume now that (M, g) is a Kédhler manifold. Let ¢ : Mun — N be a twisted
harmonic mapping equivariant for a representation m (M, mg) — Isom(N,h).

Introduce local complex coordinates (z%) on M and lift them to Mun (with a
slight abuse, we will not introduce another notation). In this coordinates the Kéhler
form expresses as:

1 o 0
w= ggagdza ANdZ®, dw=0, g,;5= (aza’ ﬁ)

We endow Ty,°, %, = (Ty;)*, ... and their tensor products with the hermitian
metric induced by g and with the connection induced by the Levi-Civita connection
of g which extends to TS, leaving Ty;° invariant (since (M, g) is Kahler). This
connection D is the Chern connection of the holomorphic hermitian vector bundle
considered. In particular:

D=0+ V, V.0 = ngac, nggcg = 0uYpq-
We endow ¢*T with the pull back of the Levi-Civita connection of (N, h).

Tensoring with the above Levi-Civita connection pulled-back from of (M, g), we
get a connection V on Q}gm ® ¢*TS. We will use the following notations, for

f=(fi) e Co(M™, QL © ¢*TF):

(VH)s "2 Fip = Oufi+ Din(N, ) fl .
The (complexified) differential of ¢, denoted by d¢ is a smooth section of T]%[%/n ®
¢*Tf] = Q}T/F_; ® qS*Tjg, ® QOM’-%L ® qS*Tf,. Decompose accordingly
dp = 0¢ + 0¢.
Then we have:
7 a not 0o /_\'7 *
0p = ¢hdz" @ 0y, 2 ¢l € C®(M™", Q- @ ¢*Ty).

Lemma 2.2.1. With these notations the harmonic map equation (2) can be written
as:
9" =0 (S w" T AVIG=0).

Let us now introduce two tensors ¢ and ¢ by the formula:

Gab = hZ{¢Z¢i qapdzdz’ = [¢*dsiz\i,lh)]2’0 < COO(M“"ﬁiQ}W%
S = 9%ac €adz® = [idgr ® (25 Alv(0q) € C™° (MM, Q).

where v : 20! ® Q0! — Q! ® Qb1 is the natural map.

The divergence of £ is the scalar:

5 = g"M6uyq 06 = d(xE) = I(+¢).
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Lemma 2.2.2. Denoting by RY the curvature tensor of (N, h), we have:
i g k(1 d be
0 = (hij¢2\5 i|g gklm¢]¢ bg ¢d )9°“g”".
Proof: In order to clarify the computation, we simplify the expression of &,.
& = ¢"(hijdid))e
be C oo
= 9"hij(¢apdy + datyc)

since covariant derivatives leave g, h inert.

Ea bch’l] ¢)a|c¢b + hz] : bc ‘
ga bchzj¢a|c¢]
using lemma 2.2.1. Continuing this way,
be i j i j
€aja = 9" hij( a\awﬁf’i + ¢a|6¢i|j)'
The curvature of V is the sum of the pull back of the curvature tensor of N and the

Levi-Civitta connection of (M, g). Coming back to the very definition of curvature
as the defect of commutation of mixed covariant partial derivatives, we have:

¢Z\E|J - Z|J|a = (VeVi—ViVe)dh = =Ry, ohotory.

since the curvature of the Lei-Civita connection of (M, g) has no (0, 2) component.
In particular,

Eala = 9" hig (840 + Pajcbh g — RhimBiShOL07)-

gadfaw gbéhij(gad ;|d| ¢] +gad fz\ﬁ Z\J adelmejﬁblgd)laﬁbgl)
9"hi;(g ad ;|a {M “deszzﬁjqb’;cbé@S?)

= gbcgadhlj¢a|c bld gbcgadR]klm(b]gngblﬁ(bgl'

O
Working in normal coordinates at m € M¥", ¢(h) so that hi; = 8i5, 9u5 = Oabs
we obtain:

56(m) = Y B dha — RiumSiondron

i,a,b
= > 16hpl* =D RN (60, ba, b0 Ga)
i,a,b a,b

Proposition 2.2.3. If (N, h) satisfies Yo,y € TS R(z,y,7,9) < 0 and (M, g) is
compact, then:
vad’ =0 Vav b RN(¢b7 gbaa%v a) =0.
Proof: Indeed ¢ descends to M and is a 1-form with non negative divergence.
Stokes theorem implies [}, 66 = 0 hence 6§ = 0. O

We say (N, h) has non positive curvature in the complexified sense if the curvature
condition of propostion 2.2.3 holds.
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We say that a map ¢ from a Kahler manifold X to a Riemannian manifold
(N, h) is pluriharmonic if VO¢ = 0. Given a Kéhler metric, a pluriharmonic map
is harmonic for this metric but the converse does not hold.

Lemma 2.2.4. A pluriharmonic map ¢ on a Kdhler manifold X is harmonic for
every Kdhler metric. For every holomorphic map f : X' — X, ¢of is pluriharmonic
for every Kdhler metric on X'.

2.2.2. Curvature tensor of Riemannian symetric spaces of non compact type.

Proposition 2.2.5. The Riemannian symmetric space R = Riem(G) has non
positive curvature in the complezified sense.

Proof: With no loss of generality, we reduce to the case where R = G(R)/K
is irreducible of non compact case. We first review some basic facts on symmetric
spaces, see [Hel78] for details.

Now denote by [ C g the differential at the origin of the embedding K C G(R).
The left coset 0 = eK can serve as an origin for Riem(G). The Cartan involution
6 is an involution of the Lie algebra g such that [ = ker(6 — id).

If G = GL, and K = O(n), 0 is just A — —A". If G = RescrGL, and
K =U(n) CGLN(C) 0 is A — A"

Then p = ker(f + id) defines the Cartan decomposition g = [ @ p and the Lie
bracket satisfies the basic relations:

Lyct Lelcp [pplCl
The Killing form of g is a quadratic form defined by
(X,Y) = Try(ad(X)ad(Y))

makes the Cartan decomposition orthogonal, is positive definite on p and negative
definite on [ (the reader may check this in the above examples).

The derivative of the exponential map at origin identifies p with T, Riem(G) and,
after a convenient normalisation, the curvature tensor of Riem(G) identifies to RP:

V(X,Y,Z,T)ep R'(X,Y,ZT)=(X,Y],[ZT).

In particular if £, 1 € p© we have:

RP(&,m,€,1) = (I n),1€,7]) <0.
0

2.2.3. Carlson-Toledo Theorem.

Corollary 2.2.6. The twisted harmonic map ¢ in theorem 2.1.4 is pluriharmonic
and verifies, if p(m) = o:
a=0¢(T M) C p© is an abelian subspace, i.c.: [a,a] = 0.
In general this holds true with respect to the Cartan decomposition at ¢(m).

Let us remark the following striking consequence - which does not hold for general
complex manifolds.

Corollary 2.2.7. Let X be a compact Kdhler manifold. Let p : m(X) — G(R)
be reductive. Let X' be a Kdhler manifold and f : X' — X be holomorphic. Then
frp:m(X') — G(R) is reductive too.

It is easy to find a counterexample to the corresponding statement for complex
manifolds.
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Kahler superrigidity. We finish with a historical remark. The discovery of the
Bochner technique for harmonic mappings in Kahler geometry was the main in-
gredient of the celebrated:

Theorem 2.2.8. [Siu80] Let Xr = I'\Q be a compact quotient of an irreducible
bounded symmetric domain of dimension > 2. A compact Kihler manifold homo-
topy equivalent to X is either biholomorphic or conjugate biholomorphic to it.

A culmination of this beautiful line of thought is [MSY93].

2.3. Higgs bundles and Simpson’s ubiquity theorem. In a groundbreaking
work, [Sim88], C. Simpson proved a converse to Corlette’s Theorem 2.1.4.

2.3.1. Homogenous bundles on Riemannian symmetric spaces. Consider G as above
and Riem(G) = G(R)/K. Then the K-principal bundle p : G(R) — Riem(G) has a
canonical G(R)-equivariant connection. Recall that a connection on a principal K-
bundle is a smooth right K-equivariant distribution of horizontal subspaces ®. This
connection can be easily described using a Cartan decomposition, choose p C g
as the value of the horizontal distribution at the origin e € G(R) and move it
around using the left translation of G on itself. This defined a distribution which
is straightforwardly checked to be right K-equivariant and horizontal for p.

Consider a : K — GLg(V) a real representation. Then, on the real vector
bundle ¢ : V := G xg V — Riem(G), this connection on a principal K-bundle
defines a Koszul connectionv V.

Lemma 2.3.1. The curvature of (V,V) at o = eK is given by the following for-
mula, where we identify ¢~ (o) with V and T,R with p:

VXY €p O(X,Y) = —a([X,Y])
The theory extends naturally to the complex case.

2.3.2. The notion of Higgs bundle.

Definition 2.3.2. Let N be a complex manifold. A Higgs bundle on N is a pair
(€,0) where € is a holomorphic vector bundle on N and 0 : € — € ® QX satisfies

ON0=0¢cEnd(€)®0%.

If, in local coordinates, § = 6,dz“, the condition 6 A § = 0 means [0,, ;] = 0 for
all indices a, b.

Proposition 2.3.3. Let X be a compact Kdihler manifold, p : m(X) — G(R) be
a reductive representation ¢ : Xun Riem(G) the twisted pluriharmonic map and
a: K —V a representation.

Then the pull back of (V,V) is m1(X) equivariant and descends to a real vector
bundle with a connection (E,d) — X. The complexified connection d® = 0 + 0
satisfies 0° = 0. Hence it defines a holomorphic vector bundle £ on X.

If « is the restriction of a representation §: G(R) — V then one can construct
a holomorphic Higgs field on £ by the formula 0 = B(0¢).

Proof: Left to the reader. O

6An horizontal subspace is a subspace supplementary to the vertical tangent bundle.
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2.3.3. Simpson’s Kobayashi-Hitchin correspondance. Let (X, w) be a compact Kéhler
manifold. A Higgs bundle (£, 0) is stable if for every proper Higgs subsheaf F of
the sheaf of its holomorphic sections:

rk(E)er (F)w™ t < rk(F)ey(E).w" L.
A Higgs bundle (£, 0) is polystable if it is a direct sum of stable Higgs bundles.

Theorem 2.3.4. A Higgs bundle (£,0) of (X,w) arises from a reductive represen-
tation of m1 (X, x) in GLN(C) iff:

(1) [yc(&)w =0,
(2) [y c2(E)w" 2 =0,
(8) (€,0) is polystable.

The proof [Sim88] uses methods of gauge theory. The dimension 1 case is due
to Hitchin [Hit87].

As a corollary, we see that (poly)stability of a Higgs bundle with ¢; = ¢3 = 0
does not depend on the Kahler class.

The representation is unitary iff & = 0. In this case, Simpson’s theorem is a
celebrated result of Narasimhan-Seshadri. Indeed (&,0) is stable iff £ is stable.

The vector bundle underlying a stable Higgs bundle may not be stable.

Assume for simplicity that X is projective. There is a coarse moduli space
Mpoi(X,GLy) for rank N semistable Higgs bundles with vanishing Chern classes
(see [Sim94]). Its complex points are in bijection with isomorphism classes of
polystable Higgs bundles.

On the other hand, the character scheme Mp(X,GLy) is defined as the GIT
quotient of the representation scheme Hom(m (X), GLy) by the conjugation action
of GLx (we work over Q). Its points over an algebraically closed field of charac-
teristic zero k are in bijection with conjugacy classes of reductive representations
of 1 (X) over k.

The correspondance of theorem 2.3.4 underlies a real analytic homeomorphism
kh : MB(X, GLN)(C) — MDOZ(X7 GLN)((C)

2.3.4. Simpson’s ubiquity theorem. For every Higgs bundle (€, §), we may define its
characteristic polynomial xy of . We have:
N—-1
Xo(X) =XV + > xaTh xi € HO(X, SV FQY).
k=0
Theorem 2.3.5. The Hitchin map

N-1
(MDol(X, GLy) — [] H (X, SV 7*F0k),  [(£.0)]~ (Xk)k>
k=0

is a proper morphism of quasiprojective varieties.

Corollary 2.3.6. Let (£,0) be a polystable Higgs bundle. Then, fort € C* (£,t.0)
be a polystable Higgs bundle. Furthermore }%[(E,tG)] = [(£',0")] exists and is a
fized point of the action of the multiplicative group GL1 on Mp(X,GLN) given
by t.[(€,0)] = [(£,10)].

In fact, these results combine in a statement known as Ubiquity of Variations
of Hodge Structure. This statement will be one of the two main ingredients of our
approach.
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Definition 2.3.7. A C-VHS (polarized complex variation of Hodge structures) on
X of weight w € Z is a 5-tuple (X, V, .7-",5.,5) where:

(1) V is a local system of finite dimensional C-vector spaces,

(2) S a non degenerate flat sesquilinear pairing on V,

(3) F® = (FP)pez a biregular decreasing filtration of the flat vector bundle (V, d)
underlying V by holomorphic subbundles such that d' FP C FP~1 @ QX

(4) [ (?q)qez a bireqular decreasing filtration of the flat vector bundle un-
derlying V by antiholomorphic subbundles such that d'G" C §p71 ® 0%,

(5) for every point x € X the fiber at x (V,, F2,Gy) is a C-Hodge Structure
polarized by S, .

In other words V. =3_ . _,
FP ﬂ?q with (—1)pS|Hm > 0.

Observe that the axioms are slightly redundant since G is the S-orthogonal of
Fuw—atl

HP? with an S-orthogonal decomposition HP¢ =

If, furthermore, A C C is a ring, we have V =V 4 ® C where V4 is a local system
of finite rank projective A-modules, we have a A-VHS or polarized variation of A-
Hodge structure. If A C R, we need to require that G’ is the complex conjugate of
F*. In an influential series of articles culminating with [Gri73], Griffiths discovered
a structure of Z-VSH on the monodromy of a polarized smooth family of projective
varieties.

Since HPY ~ FP/FP*l we can endow the smooth vector bundle V with a
holomorphic structure which does not in general coincide with the holomorphic
structure underlying the flat connection. Let us call £ the resulting holomorphic
vector bundle.

Then second fundamental form of the flat connexion d for FP takes values in
FP=1/FP and vanishes on FP*! thanks to Griffiths’ transversality. This defines
Vit HP — HP~Latl @ QL Tt is easy to see that (€, @®,V]) is a polystable Higgs
bundle with torsion Chern classes.

The pluriharmonic map attached to a C-VHS has very nice properties. By
definition the monodromy of a C-VSH is a representation o : m (X, z) — U(Sy)
and every framing of V, defines an embedding ¢ : U(S,;) — GLy(C).

Let P =3} _gpdimc HP?and @ = 3 ;1 dime HP9. Then U(S,) = U(P, Q).
The maximal compact subgroup of U(P, Q) is U(P) x U(Q) and we have a totally
geodesic embedding of Riemannian symmetric spaces

Riem(U(P,Q)) = U(P,Q)/U(P) x U(Q) > Riem(GLy(C)) = GLyx(C)/U(N).

Now define D = U(P,Q)/[[U(HE?). The space D parametrizes polarized
Hodge filtrations on (V,,S;) . It is actually an open U(P,@)-orbit of a complex
rational homogenous space D. D is the subvariety of the flag variety parametrizing
flags (FP) with dime FP/FP*! = dimc HP* defined by the condition S(FP, Fv=P+l) =
0.

A C-VHS defines a holomorphic map

(q ;X D  §s (Parallel transport at 57)((.7:5)1,))) :
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Now introduce the quotient map p : D — Riem(U(P,Q)) ".

Proposition 2.3.8. The composed map nopoq is the ioo-equivariant pluriharmonic
map.

In [GriSch69], the construction is put in the larger context of groups of Hodge
type and the geometry of the period mapping is extensively studied from a global
perspective. The important point is that Griffiths’ transversality means that the
period mapping is tangent to a holomorphic distribution 73 (D)®, transverse to the
fibers of p.

Theorem 2.3.9. [Sim88] Fized points of the action of GLy on Mpy(X,GLN)
correspond to the isomorphism classes of the holonomy representation of a com-
plex polarized variation of Hodge structures of weight zero. Hence, every reductive
representation of a Kdhler group can be deformed to a C-VHS.

The last part of the theorem holds indeed in the general Kéhler case, although
Simpson’s construction of the moduli spaces is only valid in the projective case.

In fact, before Simpson’s ubiquity theorem, we had almost no way of constructing
C-VHS except using monodromy representations.

3. NON-ABELIAN HODGE THEORY IN THE NON ARCHIMEDIAN CASE

3.1. Valued fields. Recall that a discrete valuation on a field K isamap v : K* —
Z such that:

o Va,y  v(zy) = v(z) +v(y)
o Va,y v(z+y) > min(v(z),v(y)).
Denote by O, = {z € K| v(z) > 0}, m, = {z € K| v(z) > 1}, k(v) = O,/m,.
Then, k(v) is called the residual field.

Example 3.1.1. Let C/k be a smooth algebraic curve over a field k, and P € C(k)
be a closed point. Then for f € k(C)*, we can define v(f) = ordp(f). This defines
a discrete valuation v on k(C).

For p a prime number and x € Q*, we define v,(x) to be the multiplicity of p in
a reduced prime decomposition of x. This defines a discrete valuation v, on Q.

A local field K, is a field equipped with a surjective discrete valuation v : K} — Z
which is a complete metric space with respect to the distance d(x,y) = e~ v(@=y),
Local compacity of a complete valued field is equivalent to the residual field being
finite.

Example 3.1.2. A locally compact local field is either isomorphic to a finite ex-
tension of the field Qp of p-adic numbers or to Fq((t)) for some power q of a prime
number.

"The knowledgeable reader will have noticed that U(P, Q)/U(P) x U(Q) is a hermitian sym-
metric spaces, also known as the bounded symmetric domain DII,,q, hence carries a canonical
complex structure. He should beware that the fibers of p are holomorphic submanifolds of D but
the map p itself is not holomorphic.

8For a recent survey of the EDS perspective on period mappings, see [CGGO09].
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3.2. The affine building attached to a reductive algebraic group over
a valued field. Let G/K, be a connected semisimple algebraic group defined
over the local field K,. Then G(K,) has an action on its Bruhat-Tits building
ABT(G(K,)) [BruTit72].

This action is an analog of the action of a real semisimple algebraic group on its
Riemannian symmetric space.

3.2.1. The Bruhat-Tits building for G = SLy. The description of ABT(G(K,)) is
rather involved. For simplicity, we will just give a brief description of ABT (SLy (K,)).

First of all we describe a simplicial complex sABT(SLx(K,)) whose geometric
realization will be homeomorphic to ABT(SLy(K,)).

A lattice L C KY is a free O,-submodule of rank N. Two lattices L, L’ are ho-
mothetic iff there exists a € K* such that aL = L’. We denote by vAPT(SLy(K,))
the set of equivalence classes of homothetic lattices. Note that the equivalence class
of the lattice L is {n"L},cz where 7 is any fixed element of K such that v(7r) = 1.
Given two lattices L, L' the minimum of o € Z such that 7L’ C L will be denoted
by (L', L).

Say that a couple of distinct lattice classes ([L],[L']) is adjacent if there are
representatives L, L’ satisfying:

nLc L' CL.
Note that we have (L', L) = 0 in the latter case. It should be noted that if
([L],[L]) is adjacent ([L],[L]) is adjacent too and we say that the lattices [L], [L/]
are adjacent.

Lemma 3.2.1. Assume [L'],[L"],[L] are pairwise adjacent. Chose representatives
such that:
nLCc L' CL, mLc L’ CL.

Then L' C L" or L" C L'.

Proof: Assume L' ¢ L”. Then (L', L") = 1. If L' and L” are adjacent, then
wL” cnl/ Cc L”. Hence L" C L'. O

Corollary 3.2.2. Let [L] be a lattice class and [L1],...,[Ly] be pairwise adjacent
lattice classes. Then there is o € S, and representatives Ly, of [Ly(x)] such that:

WL;L:[;LQ;LP;L

In particular (maximal) sets of pairwise adjacent classes of lattice classes adjacent
to a given [L] are in one-to-one correspondance with (complete) flags in the k(v)-
vector space L/mL.

Definition 3.2.3. We define sABT(SLy(K,)) to be the N — 1-dimensional sim-
plicial complex whose vertex set is the set of lattice classes and p-simplices are
p + 1-tuples of pairwise adjacent lattice classes. This simplicial complex carries an
action of GLy(K,) given by (g,[L] — [g.L]).

The N — 1-dimensional simplices are called the chambers of sAPT(SLy(K,)).

Fix a particular lattice L, for instance L = OY. Given another lattice L’ there is
some g € GLy(K,) such that L' = g.L. The congruence class ¢(g) = v(det(g))[N] €
Z/NZ is independant of g and defines ¢(L’) € Z/NZ the label of L’. The labelling
c: sABT(SLy(K,))® — Z/NZ is not preserved by GLx(K,) but is preserved by
SLy(Ky).
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Lemma 3.2.4. Each chamber has precisely one vertex of given label.

Proof: Left to the reader. O
Let B = (e1,...,en) be a basis of K). Then we can consider a full subcom-
plex sAp of sAPT(SLx(K,)), called the appartement corresponding to B, whose
vertices are:
[Lry,..on] =7 0per + -+ 7™ Open] 1 € Z.
Obviously the vertex set of sAp identifies to Ay = ZV /Z.E where E = (1,...,1).
Consider the natural embedding j of Ay as a lattice in the real vector space V =

RY /RE. This extends linearily on each simplex to a continuous map j : [sAg| — V
9

Lemma 3.2.5. j is a homeomorphism.

Proof: Although it is not that obvious, it will be left as an exercise. ([

Obviously j is equivariant under the action of Sy by permutation of the coor-
dinates and by the translation action of Ay. In fact it is equivariant by the action
of the semidirect product Wy = Ay x Sy.

The action of Sy on V being irreducible, there is an unique up to multiplication
by a scalar constant euclidian norm on V' such that Wy acts by isometries.

The length of the 1-simplices between adjacent lattices L, L’ € sA% depends
only on ¢(L) — ¢(L'), hence we can normalise the euclidian norm requiring that the
length of a 1-simplex [L, L'] is 1 if ¢(L) — ¢(L') = £1.

This defines on A = |sAp| C |sABT(SLy(K,))| a distance function d4. This
distance functions glues into a function d : |sSABT(SLy(K,))|> — Rxq thanks to
the fact that the following building axioms are fulfilled:

Proposition 3.2.6. Any two simplices of sABT(SLy(K,)) are contained in an
appartement. Given two appartements A, A’ and o,0’ two simplices in their inter-
section then there is a simplicial isometry A — A’ keeping 0,0’ fized.

Proof: See the standard expositions [Bro89], [Ron89] or [Gar97]. O

Theorem 3.2.7. The function d is a distance function for which appartments are
isometrically embedded. The resulting metric space is complete. It is locally compact
iff K, is locally compact.

Given two points P, Q in |sABT (SLy(K,))| there is a unique geodesic vy : [0,1] —
|sABT(SLx(K,))|, i.e.: a continuous path such that v(0) = P, ~(1) = Q and
d(P,y(t)) = t.d(P,Q). This geodesic is just an arc length parametrized line segment
in any appartment containing P and Q.

Given three points P, Q, R in |sABT(SLy(K,))| define P, = ~(t) where «y is the
geodesic from @Q to R. Then,

(3) vt € [071]7 dz(P,Pt) Stdz(PvR)—’_(l_t)dQ(P?Q)_t(l_t)d2(Q1R)
Equality holds iff P,Q, R lie in a common appartment.
Proof: This is proved in [BruTit72]. See also the standard references. O

Definition 3.2.8. The Bruhat-Tits building ABT(SLy(K,)) is |sABT(SLx(K,))|
endowed with the distance function d. The group GLy(K,) acts on APT(SLy(K,))
by simplicial isometries.

MfX is a simplicial complex, we denote by |X| its geometric realization.
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Proposition 3.2.9. A subgroup of SLy(K,) fizes a point in ABT(SLy(K,)) iff
it is bounded (i.e.: conjugate to a subgroup of GLNn(O,)).

3.2.2. Remarks on the general case.

Definition 3.2.10. A complete geodesic metric space (X, d) is non positively curved
(NPC) if and only if inequality 3 in theorem 8.2.7 is satisfied.

For a general simply connected semisimple group G /K, the Bruhat Tits building
ABT(G(K,) is a NPC metric space with an action of G(K,) which is the realization
of a simplicial complex, is a union of affine euclidean appartments and satisfies
Proposition 3.2.6 and Theorem 3.2.7.

Although G Ly is not semisimple, it is convenient to give the following definition:

Definition 3.2.11. The (extended) Bruhat-Tits building ABT(GLy(K,)) is the
product metric space ABT(SLy(K,)) x R, with distance function

d= (dzABT(SLN(Kv)) +dg)'/?
and an action of GLn(K,) given by the product action of the action described
above on ABT(SLy(K,)) with the translation action by the group morphism g —

v(det(g)).

Every appartment A C APT(SLx(K,)) gives rise to an isometrically embedded
appartment A’ = A x R ¢ ABT(GLy(K,)).

3.3. Harmonic mappings into affine buildings.

3.3.1. Korevaar-Schoen’s energy and harmonic mappings into NPC' spaces. Given
Q a compact Riemannian manifold with boundary and (X, d) a NPC metric space,
[KoSc93| carried out in detail the program outlined in [GroSch92] of constructing
a Sobolev space W} (€, X') containing the space of Lipschitz maps from € to X
endowed with a lower semicontinuous Dirichlet integral £ which is the integral of
a locally defined absolutely continuous energy density measure.

In case X is a ball of finite radius in ABT(SLy(K,)), K, locally compact, con-
sider j : X — RM an embedding such that each simplex is isometrically embedded.
We have:

B(u) = /Q V(G 0w

This definition is the working definition adopted in [GroSch92] and suffices for most
purposes.

Given an appropriate!® boundary value w : 92 — X, there is a unique energy
minimizer for E on the subclass of u € W3(Q,X) such that ulpg = w. This
minimizer is locally Lipschitz in the interior of €.

Definition 3.3.1. Let (M*,g) be a Riemannian manifold and f : M* — X is a
locally Lipschitz mapping. We say f is harmonic iff for every Q C N a sufficiently
small ball flq is the energy minimizer relative to f|sq.

Proposition 3.3.2. Assume ® : X — R is a continuous function which is convex
when restricted to geodesics. If f : M* — X is harmonic then ®o f is subharmonic.

10Lipschitz continuous for instance.
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Again, let (M, g) be a compact connected Riemannian manifold endowed with
a base point mo € M and let 7 : (W,mo) — (M, mg) be the universal covering
space . Consider furthermore p : w1 (M, mg) — Isom(X) a representation.

The space Lip(]\//.-f\%,)( ), of Lipschitz continuous mappings ¢ from Mun to X
such that o

V(v,m) € m(M,mo) x Mv",  ¢(y.1m) = p(7).¢(m)

carries an energy functional too and its global minimizers, if any, are equivariant
harmonic mappings.

The minimizing sequences for this problem are studied in general in [KoSc97].
For our purposes, it will be enough to state the following consequence of [GroSch92]:

Theorem 3.3.3. Assume p : w1 (M, mg) — GLn(K,) is a reductive representation.
Then there exists a Lipschitz continuous equivariant harmonic mapping

h,: M*» — A(GLy(K,)).

This sufficient condition for existence of twisted harmonic mappings is not a
necessary condition.

3.3.2. Gromov-Schoen’s reqularity theorem for harmonic mappings into locally com-
pact Bruhat-Tits buildings.

Definition 3.3.4. Let h: M* — A(GLyn(K,)) be a harmonic mapping.

The reqular locus of h is the set of all points x € M* such that there exists r > 0
and an appartment A C A(GLyn(K,)) such that h(B(x,r)) C A where B(x,r) is
the open Riemannian ball of radius r centered at x.

In this case h|p(yy) =1i40 h# where i 4 is the isometric embedding of A and h4
is a harmonic function defined on B(x,r) with values in A - hence is smooth.
Say h is reqular if M* — (M*)"®9 is of Hausdorff codimension > 2.

Theorem 3.3.5. The harmonic mapping constructed in Theorem 3.3.3 is regular
provided K, is locally compact.

Proof: See [GroSch92]. The general non locally compact case seems to be true,
see p.564 in the introduction to [KoSc93]. To the best of our knowledge, the only
published reference treats the case of R-trees and applies here only in case N = 2
[Sun03]. O

3.3.3. Pluriharmonic mappings in the sense of Gromov-Schoen.

Definition 3.3.6. Assume (M*,g) is Kdhler and let h : M* — A(GLn(K,)) be a
regular harmonic mapping.

We define h to be pluriharmonic if the following holds:

Forx € (M*)"®9, choose r > 0 and an appartment A, C A(GLn(K,)) such that
h(B(z,7)) C Ay. Write h|p(z) = ia o hi where ia is the isometric embedding of
A, and h2 is a harmonic function defined on B(z,r) with values in A. Then hZ
is plurtharmonic.

Theorem 3.3.7. If (M, g) is Kdhler, the harmonic mapping constructed in Theo-
rem 3.3.3 is pluriharmonic provided K, s locally compact.

Proof: See [GroSch92]. The general non locally compact case is again likely to
be true but we cannot give a reference. [
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Proposition 3.3.8. A pluriharmonic map ¢ is harmonic for every Kdahler metric.
Its singular locus is contained in a proper closed complex analytic subset. For every
holomorphic map f : X' — M*, ¢ o f is pluriharmonic for every Kahler metric on
X'.

Proof: A detailled proof of these easy consequences of [GroSch92| is given in
[Eys04]. O

3.4. Spectral coverings and associated constructions. In this paragraph, we
fix py : m(X,2) = GLN(K,) to be a reductive representation.

Denote by h,, : Xun ABT(GLy(K,)) the harmonic mapping given by theorem
3.3.3. Assume that the conclusion of theorem 3.3.7 holds (e.g. N =2 or K, locally
compact). There is a proper closed analytic subset S C X such that (ﬁl)’”eg D
Xun — 7=1(S) thanks to Proposition 3.3.8.

3.4.1. Construction of the spectral covering. As announced in the last paragraph
of [GroSch92], one can construct a finite Galois ramified covering Sp,, (X) — X
such that the lift of the foliation defined by ker(dh,) is given by a finite system of
holomorphic one forms. We now describe this object called the spectral covering of
X attached to p,.

Fix once for all an appartement A of APT(GLy(K,)). This appartement split
canonically as A = A’ x R where A’ is an appartment of ABT(SLy(K,)). We
denote by Ac the complexification and by A* the real dual vector space of the
underlying vector space of the affine space A.

Fix x € X — S and choose a lift U, in X“" of a small neighborhood V,, of x such
that the properties in definition 3.3.6 are satisfied. This gives an appartement A,
and a pluriharmonic mapping U, — A,. The appartment A, splits canonically as
A= A’ x R where A, is an appartment of ABT(SLy(K,)).

We denote by i, : A — A, an isometry respecting the canonical splittings and
the simplicial structure of A’ , i, being chosen arbitrarily. This choice enables to
define a pluriharmonic mapping h, =i, ! o hf.

Any other choice of lift and appartment gives another pluriharmonic mapping
hl, : Vi — A and we have:

h; = wg.hy, wg € Waff

a

where W, ¢ is the Weyl group of ABT(GLy(K,)). Here W,z = W s ¥ Z preserves

—_—

the canonical splitting, Wéf g s the Coxeter group of type A,_1 acting on A’

preserving the triangulation described above. We have an exact sequence
1—>A:ZN_1—>W;HL—1?W:SN—>1

and A x Z acts by translation on A. The map from W;ff to W is denote by Lin

because it maps an affine isometry to its linear part.

In particular, Oh!, = w.0h,, w € W. Hence, the union of the graphs of
the {w.0hy}wew glue into a W invariant locally closed submanifold Z17¢9 C
Tot(Ac @ T*X|v,). In fact, the {Z1"%},cx glue into a W invariant locally
closed submanifold Z'7¢ C Tot(Ac ® Q% ), where W acts on the total space of
the holomorphic vector bundle A¢c ® T% by w ® idQ%{ . The canonical projection
q : Tot(Ac ® Q%) — X restricted to Z yields an étale covering ¢ : Z"¢9 — X — S.
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Proposition 3.4.1. The closure Z' of Z'"%9 is a W -invariant complex analytic
subspace of Tot(A® QL) and the natural map q : Z' — X identifies X with Z* /W .

Proof: Choose oo € A*. Consider {< «a,w.0h; >}ypew. This is a collection of
|W| one forms on V.. Denote by Xy, for 1 < k < |W/|, the symmetric function:

Sk X1y Xyw)) = Z X ... X,
1<iy <. <ip <|W|

Then of = Zp({< a,w.0hy >}ywew) is a well defined holomorphic k-th order
symmetric differential defined on V,. In fact, the {0} },cx glue into an element
ok e HO(X — S, S*QL).

reg

Lemma 3.4.2. Ufeg extends to a global holomorphic symmetric differential o* €
HO(X,S*QL).

Proof: Assume L is a global Lipschitz constant for h,. Then, uniformly in
z € X — S, we have |0}, (2)] < Ci.L* where Cy is an universal constant. As is
well known, a bounded holomorphic section of a vector bundle defined on a Zariski
open subset of a complex manifold extends holomorphically to its closure. ([

As usual denote by T% = Tot(Q2%) the holomorphic tangent bundle of X and
by ¢ : T% — X the canonical projection. Denote by A € H°(T%,q*Q%) the
Liouville form (or tautological form). In local canonical coordinates (z%,(;), we
have A = ", (;dz". Hence X is holomorphic and so is:

W
Xo = AT (1) Mooy, € HO (T, ¢SV IQK ).
k=1

We have the obvious:
Lemma 3.4.3. Denote by o the map Tot(Ac® Q%) — T% defined by a®id. Then,
Z879 = Naeara”H(xa ({0}) N H(X = 9).

In particular, Z' is the union of the irreducible components of the analytic
subvariety Naea+a (x5 ({0})) meeting ¢~ 1 (X — 9).

To prove that Z1/W = X, consider Z! — Z! the normalization. It is a W-
equivariant holomorphic map. Denote by a : Z1/W — Z'/W its quotient by W.
W permutes the irreducible components of Z! since they agree with those of Z!.
Consider the natural map b : Z!/W — X. Then boa, the natural map Z! /W — X,
is a dominant holomorphic map of normal complex spaces which is an isomorphism
over a dense Zariski open subset. Hence it is an isomorphism. It follows easily that
b is an isomorphism. O

Since the harmonic mapping h, is uniquely defined up to a geodesic translation, it
follows that the construction of the W-equivariant covering Z' — X is independant
of the choice of h,,.

Observe that the group morphism h : W — Aut(ZL/X) need not be injective
hence this cover need not be a W-Galois covering in general 1.

One can slightly refine the construction using an idea due to Klingler[K1i03].

Assume that the harmonic map is non degenerate which means that the image
of the h,’s is not contained in a wall of the appartment A.

Mt is a W/ ker(h)-Galois covering.
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Lemma 3.4.4. The data g, = iy ' oiy is a 1-cocycle with values in Wopy relative
to the covering B = {V,}zex—s of X —S. Its cohomology class in H' (X —S, Wasy)
1s independant of the choices made above.

Proof: Left to the reader. (|
The cocycle Lin(g,,) gives a cohomology class £ € H'(X — S, W) hence a W-
torsor T'— X — S, i.e.: a finite etale covering T — X — S with W = Aut(T/X —S).

Lemma 3.4.5. One can construct a W-equivariant etale covering T — Z17T¢9
which is unique up to the action of W.

Proof: Left to the reader. O

Definition 3.4.6. The Galois ramified covering sp : Z* = Z! — X s called the
spectral covering attached to p, and will be denoted by sp : Sp,, (X) — X.

Example 3.4.7. Assume N = 2 and that the representation p, has trivial determi-
nant. In this case ABT(SLy(K,)) is a tree and W = {41}. The spectral covering is
then completely determined by a quadratic differential n = (dz)* € H°(X, S?QY).

The notation is meant to emphasize a slighly subtle issue. Except if dim(X) =1,
a non vanishing quadratic differential need not be locally a square but n is always of
rank <1 and sp*n is the square of a holomorphic one form on the double covering
Spp, (X) — X.

If n is already the square of a holomorphic one form on X then Sp,, (X) is the
union of two copies of X.

Ezcept in degenerate cases, the quadratic differential comes from a Riemann
surface S wvia a map X — S see [Sim93b].

Remark 3.4.8. The theory extends almost verbatim to more general groups than
GLy.

3.4.2. Holomorphic 1-forms on normal varieties.

Definition 3.4.9. Let Z be a compact Kdhler normal complex space. A holomor-
phic one form on Z is the data of a holomorphic one form a, € le for every

resolution of singularities Z—Z subject to the constraints:
(1) ™oy =y, if m: Z' — Z is a holomorphic map of resolutions.
(2) If F' is a fiber of Z — X then ay|pres = 0.

The space of such one-forms will be denoted by Q*(Z).

Lemma 3.4.10. Let Z be a normal compact Kahler space. The category of holo-
morphic map Z — A where A is a compact complex torus has an initial object

az : Z — Alb(Z). Furthermore a}y : HO(AIb(Z), Q') — QY (Z) is an isomorphism.

Proof: Let Z — Z be a resolution of singularities. Consider the largest subtorus
B of Alb(Z) on which vanish the forms which vanish upon restriction to the fibers
of Z — X as considered in the second item of definition 3.4.9 and denote by Alb(2)
the quotient torus Alb(Z) = Alb(Z)/B. Consider a : Z — Alb(Z) the composition
of the quotient map with an Albanese morphism Z — Alb(Z ). Since Z is normal
every fiber F of Z — X is connected hence a(F) is a point. In particular a descends
to a continuous map ay : Z — Alb(Z) which is holomorphic on a dense Zariski open
subset of Z. Hence az is holomorphic. Its further properties are easily established.
O
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Remark 3.4.11. Note that Z need not be connected. The Albanese torus of Z,
Alb(Z), is the product of the Albanese tori of its components and the Albanese map
az maps every irreducible component to the corresponding factor.

3.4.3. Canonical system of holomorphic 1-forms on the spectral covering. For every
piecewise C! path v : [0,1] — X we denote by £, x(7) the length of the rectifiable
path h,0¥ : [0,1] — ABT(GLN(K,)), where 7 is a continuous path in Xun lifting 7.
Similarily for v : [0,1] — Sp,, (X) piecewise C* we define l,ho, (7) = £,, x (sp(7)).

Proposition 3.4.12. The map A : A* — Q' (Sp,, (X)) defined by o € A* — a*\
where X is the Liouville form and « is defined in lemma 3.4.8 is R-linear, W -
equivariant and satisfies:

w.Ct
Wy 0,11 ™25 Sp,. (X) £,.(7) = / ds.
;

Here ds = \/Zf\il Re(A(e;))? where (e;) is an orthonormal basis of W*.

Proof: If 7 lies in Sp,, (X) — sp~1(9) this is true by construction. The general
case follows by approximation. (Il

Definition 3.4.13. The map A : A* — Q(Sp,, (X)) in proposition 3.4.12 is called
the canonical system of one-forms attached to p,.

3.4.4. Katzarkov-Zuo reduction. Denote by A C Q'(Sp,, (X)) the C-vector space
spanned by Im(A* — Q!(Sp,, (X)). Denote by B the largest subtorus of Alb(Sp,, (X))
with TB C A. Obviously B is preserved by the action of W.

Consider the following commutative square:

Sppv (X)

Alb(Sp,, (X))/B

X

(ALb(Sp,, (X)/B)/W.

Definition 3.4.14. The Katzarkov-Zuo reduction of X attached to p, is the Stein
factorization s,, : X — S, (X) of the above map X — (Alb(Sp,,(X))/B)/W.

Proposition 3.4.15. The Katzarkov-Zuo reduction is characterized uniquely by
the following properties:

(1) S,,(X) is a Kdhler normal complex space, projective if X is.

(2) sp, is a fibration, i.e.: a surjective holomorphic map with connected fibers.

(3) Let Z C X a closed connected complex analytic subspace. Then s, (Z) is
a point if and only iff p,(Im(m(Z) — m(X))) is a bounded subgroup of
GLy(K,).

Proof: Easy consequence of propositions 3.2.9, 3.4.12. ([

4. REDUCTIVE SHAFAREVICH MORPHISMS

4.1. The rigid case.
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4.1.1. Variants of Stein factorization. We recall two classical lemmas to be used
over and over (cf [Car]):

Lemma 4.1.1. Let X be a compact normal complex space. Let (fo : X — So)aca
a family of fibrations.
There is a normal complex space Seo, a fibration foo : X — Soo, and morphisms
€q = Soo — S, such that:
L4 fn =€no foo
o Forallse S f1(s) = Nnenf, ten(s)).

We call foo the simultaneous Stein factorization of (fo)aca-

Proof: Use the noetherian property for the family of equivalence relations Rp =
X Xg, X C X x X P being a finite subset of A and X — Sp being the Stein
factorization of [[,cp fa- O

Lemma 4.1.2. Let X, S be complex spaces and f : X — S be a morphism. Suppose
a connected component F of a fibre of f is compact. Then, F has an open neigh-
borood V' such that g(V') is a locally closed analytic subvariety S and V — g(V) is
proper.

Suppose furthermore that X is normal and that every connected component F
of a fibre of f is compact. The set of connected components of fibres of f can
be endowed with the structure of a mormal complex space so that the natural map
e: X — S is a proper holomorphic fibration.

4.1.2. The Shafarevich morphism of a rigid representation. Let G/Q be a reductive
algebraic group and p : m1(X) — G(C) be a rigid reductive representation, i.e. :
such that [p] € Mp(X,G)(C) is an isolated point. Fix o : G — GLy a faithful
linear representation defined over Q.
Then the following holds:
(1) There is a number field Q C L C Q such that p is conjugate to p’ : w1 (X) —
G(L). Consequently there a finite set S of non-archimedian places'? v of L
such that p'm1(X) C GLy(O,) iff v & S.
(2) For every archimedian place '3 w of L wop’ is the monodromy representation
of a C-VHS by Simpson’s ubiquity theorem.
Let Og be the localization of O at S. We have a o p'(m1(X)) C GLx(Og). Tt
is a well known theorem of Borel and Serre that GLy(Og) is a discrete subgroup

of ] GLn(Lw)x []GLn(Ly).

weAr(L) veS
Lemma 4.1.3. Let F be a connected fiber of the Stein factorization of

H 5p, X — HSPU(X)'

veSs veS

Then o p' (w1 (F)) is a discrete subgroup of H GLN(Ly).
weAr(L)

12A non-archimedian place of L is a prime ideal of the ring Oy, of algebraic integers in L. We
denote by L, the corresponding locally compact local field and by v the corresponding valuation.

13 An archimedian place of L is a real embedding of L or a complex embedding up to conjugacy.
We set Ly, = R or C accordingly. The set of archimedian places will be denoted by Ar(L).
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Proof: Indeed Im(ao p' : m1(F) — GLy(L,)) is contained in a compact sub-
group K,. ([

Denote by 7, : 5(7, = Xun /ker(p) — X the intermediate covering correponding
to p. For w € Ar(L) denote by p,, : )?p — D,, the period mapping attached to the
C-VHS whose holonomy is w o p'.

Corollary 4.1.4. The map H Dw ﬂ'p_l(F) — H D,, is proper.
weAr(L) weAr(L)

Proof: Indeed 7 (F) is a discrete subgroup of H Aut(Dy,) C H GLN(Ly).
weAr(L) weAr(L)
([

Define a holomorphic mapping

q= H pwaspv:,g(va H DwXHSU(X)-

weAr(L) veS weAr(L) veS
Corollary 4.1.5. Every connected component of a fiber of q is compact.

Proof: Indeed it is contained in 7, (F) with F as in lemma 4.1.3. O

Proposition 4.1.6. There a proper fibration 5, : 5(\:, — EZ) which contracts every
compact connected analytic subspace of X, to a point.

Proof: This map is what one gets applying lemma 4.1.2 to g. O
Observe that p(m (X)) = Gal(X,/X) acts properly on S, and that we can
construct the quotient space Sh,(X) = S,/p(m1(X)).

Proposition 4.1.7. The fibration sh, : X — Sh,(X) contracts Z C X to a point
if and only if p(m1(2)) is finite.

Remark 4.1.8. Sh,(X) is a normal Kdhler space, projective if X is.
4.2. The non-rigid case.

Theorem 4.2.1. Fiz N € N. Consider M C Mp(X,GLN)(C) a set of conjugacy
classes /o\f/ reductive linear representations.

Let Xy = Xun/Hpy be the covering space corresponding to the intersection Hpy
of kernels of all elements in M. - -

There is a proper holomorphic fibration Xy — Sy where Sy is a normal com-
plex space with no positive dimensional compact complex analytic subspafcg./s.

The quotient of St by the proper action induced from that of Gal(Xy/X) =
m1(X)/H is a normal Kahler space shy(X), which is projective if X is.

The natural holomorphic map X — shj;(X) is called the Shafarevich morphism
attached to M.

The general strategy of the proof will be described in the rest of this section. It
is analogous to the rigid case using representations with values in algebraic groups
over function field to deal with non rigid representations.

4.2.1. Factoring out the non-rigidity. We circumvent the unavailability of theorem
3.3.7 in the non locally compact case by reduction modulo p and get another version
of the Katzarkov-Zuo reduction.
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Lemma 4.2.2. Let L be a number field. Consider the field L((t)) endowed with its
natural valuation. Let p: w1 (X) — GLN(L((t))) be a reductive representation.
Then there is a holomorphic fibration X — S, (X) such that:

(1) S,,(X) is a Kahler normal complex space, projective if X is.

(2) Let Z C X a closed connected complex analytic subspace. Then s,(Z) is
a point if and only iff p(Im(m1(Z) — m(X))) is a bounded subgroup of
GLn(L((2)))-

Proof: Since m1(X) is finitely generated there exists a finite set S of non-
archimedian places of L such that p(m (X)) C GLNn(Og((t))). For v ¢ S, one
has Og C O, and we can construct by reduction modulo v a representation p, :
m1(X) = GLn(ky((t))). Enlarging S if necessary we can assume that p,, is reductive
for v ¢ S. Since k,((t)) is a locally compact local field one can construct the
Katzarkov Zuo reduction s,, : X — S, (X). The simultaneous Stein factorization

of the family {s,, },¢s then satisfies the required properties.
O

Lemma 4.2.3. Let T/Q be an irreducible algebraic variety over Q and consider
a rational map r : T — Mp(X,GLy)/Q and let pr : m(X) — GLy(Q(T)) be a
reductive representation in the function field of T whose conjugacy class is a generic
point of the image of r . Then there is a holomorphic fibration sy : X — St(X)
with the following property

(1) St(X) is a Kdhler normal complex space, projective if X is.
(2) Let Z C X a closed connected complex analytic subspace. Then sp(Z) is a
point if and only iff the rational map T — Mp(Z,GLy) is locally constant.

Proof:

Assume first T'/Q be a complete connected algebraic curve. There is a finite set
S of Q-points P of T such that if P ¢ S, pr(rx) € GLy(Op) and if P € S, the
localization of pp at P denoted by pr p : m1(X) — GLN(Frac(é;)) is a reductive
representation. For all P, Frac(é;) is isomorphic to Q((t)) and we can once
again perform the simultaneous Stein factorisation of the s,., to get a fibration
s+ X — Sp(X). Let Z be a fiber of Sp. Since for all P € S pr p(mi(Z)) is
bounded, it follows that for all v € m1(Z) Tr(pr,p(Yy)) € Op. This implies that
Tr(pr(v)) € Q((T)) is a regular function at every point P € T(Q). It follows that
Tr(pr(vy)) is regular function on T, hence a constant since 7' is complete. By a
theorem of Procesi, {Tr(p(7))} er (z) generate the coordinate ring of the affine
scheme Mp(Z,GLy)/Q. Hence, indeed T +— Mp(Z,GLy) is constant. Conversely
if this map is constant, performining a finite covering of 7' if necessary, we may
assume that pT|7r1( 7) is conjugate to a constant representation and certainly pr p
will be bounded at every point P € T(Q). This forces s7(Z) to be a point.

The general case follows by simultaneous Stein factorization of the s¢, C' being

a curve over QQ mapping to 7.
O

4.2.2. Case where M is a Q-point. We now prove theorem 4.2.1 when M = {[p]}
with p: m(X) — G(L) where L is a number field.
For every complex embedding w € Ar(L), we can deform w o p to a C-VHS

that will be denoted by pY#* and we may construct p,, : Xv* — D, its period
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mapping. Then the holomorphic map [[,, pw : Xun — [I,, Dw descends to the
intermediate covering space with Galois group F;r defined by:

XF = X/ ker(p) N Nuear(r) ker(pl 19).

Consider the collection Z of compact Kéahler manifold over X, f: Z — X such
that p(fim1(Z)) = {e} and let H be the normal subgroup of 71(X) generated
by the {fim1(Z)}zez. Let Q' C R(m(X),GLy) be the preimage of the origin
by the natural morphism R(7(X),GLy) — R(H,GLy) and Q = Q'//GLy €
Mp(X,GLy). Then, for every component T of @), we have the fibration sg : X —
St(X) constructed in lemma 4.2.3.

There is a finite set S of non-archimedian places v of L such that p, (7 (X)) is
unbounded.

We consider the holomorphic map defined on X;‘ by

H prHSTOTI' XHSP o

weAr(L) veS

The argument in section 4.1.2 can be done with ¢ and we get a fibration X -

SJr where SJr has no positive dimensional compact complex subspace (one should
observe that p¥ % € Q1).
Now we quotient by I'* (p) and get a map s} : X — Sf/I'F'. One then uses once

again the same trick with the holomorphic map ¢ defined on )?p = Xun / ker(p)
by ¢ = sj o m,. This produces a proper fibration 5, : X, — S, where S, has no
positive dimensional compact complex subspace.

4.2.3. General case. The general case of theorem 4.2.1 is left as an exercise, see
[Eys04]. As a hint, first replace M with M’ the Q-points of its Q-Zariski closure
and use the {5,},cm’. A crucial finiteness issue needs the full force of the main
result in [LasRam96].

5. REDUCTIVE SHAFAREVICH CONJECTURE

5.1. Psh functions attache/dv to pluriharmonic mappings. In order to prove
that the normal Stein space Sj; constructed in theorem 4.2.1 is Stein under some
restrictions on M, we need to construct a strongly plurisubharmonic continuous
exhaustion function on this space.

On the other hand the theory of pluriharmonic mappings provides continuous
weakly plurisubharmonic functions thanks to the following principle: the pull-back
of a convex function by a (pluri)harmonic mapping is (pluri)subharmonic. It should
be noted that NPC spaces carry several convex functions. For instance, the distance
to a fixed point is convex.

Hence, one needs to systematically study the degeneracies of the complex hes-
sian of the plurisubharmonic functions constructed by the method of harmonic
mappings. It turns out that nice lower bounds for the complex hessian are satified
by plurisubharmonic functions arising from archimedian and non archimedian rep-
resentations of Kahler groups. Let us now give more details on these constructions.
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5.1.1. The non archimedian case. Let p, : m(X) — GLy(K,) be a reductive
representation in a local field and assume that Theorem 3.3.7 applies. Denote by
hy : Xun — ABT(GLN(K,)) the corresponding pluriharmonic mapping. Consider
A A" — QY(Sp,, (X)) the canonical system of one forms attached to p,. Let (e;)
be an orthonormal basis of A*. The expression:

N

V-1 —

Wo.p, =~ D Ae) AA(er)
i=1

defines a closed real semipositive (1,1) form on the smooth locus of Sp,, (X) and
is W-invariant. It therefore descends to a closed real semipositive (1,1) form wy ,,
on X —S.

The Lipschitz property of h, implies that w; ,, is uniformly bounded hence
extends to a closed positive current on X using for instance the Skoda-El Mir
theorem. In fact, it is natural to expect that it descends to a closed positive
current on the Katzarkov-Zuo reduction of X. Since this Katzarkov-Zuo reduction
needs not be smooth, we first have to make sense of the notion of a closed positive
current on it! This is not so well known but very easy:

Definition 5.1.1. Let Z be an irreducible normal complex space.

A upper semi continuous function ¢ : Z — RU{—o0} is plurisubharmonic if it
is not identically —oo and every point z € Z has a neighborhood U embeddable as
a closed subvariety of the unit ball B of some CM in such a way that ¢|y extends
to a psh function on B.

A closed positive current with continuous potentials w on Z is specified by a data
{U;, &:}i of an open covering {U;}; of Z, a continuous psh function ¢; defined on
U; such that ¢; — ¢; is pluriharmonic on U; N U;.

A closed positive current with continuous potentials Z is a Kdhler form iff its
local potentials can be chosen smooth and strongly plurisubharmonic.

A psh function ¢ on Z is said to satisfy dd°¢ > w iff ¢ — ¢; is psh on U; for
every i.

In other words, a closed positive current with continuous potentials is a section

of the sheaf C° N PSHz/Re(Ogz).

Definition 5.1.2. Assume Z to be compact. The class of a closed positive current
with continuous potentials is its image in H'(Z, Re(Oyz)).

A class in HY(Z,Re(Oz)) is said to be Kdihler if it is the image of a Kdihler
form.

To make contact with the usual terminology observe that if Z is a compact
Kihler manifold H'(Z, Re(Oz)) = HVY(Z,R).

Lemma 5.1.3. There is a closed positive current with continuous potentials on
Sy, (X) which we denote by w,, such that s} w,,|x—s = w1,

Proof: Left as an easy exercise, see [Eys04]. O

The current w,, will serve as a lower bound for the complex hessian of plurisub-
harmonic functions constructed by the method of harmonic mappings. Let us be
more precise. Let o € ABT(GLy(K,)) be an arbitrary point.

Proposition 5.1.4. The function ¢,, : Xun — R>o defined by
¢pv (:L’) = d2(hv (x)v ‘TO)
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satisfies the following properties:
(1) ¢,, descends to a function ¢, —on 5(; = ﬁ‘/ker(p).
(2) Let 7 : Xun — X — )?pv be a covering space of X dominating f(p,u. By
abuse of notation we denote by ¢, the function ¢y, o .
(3) ¢, is locally Lipschitz.
(4) p, is psh.

(5) Let T be a normal complex space and XLTa proper holomorphic fibration

such that s,, om : X — Sy, (X) factorizes via a morphism T ¢z Sp(X).
The function ¢, om is of the form ¢,, = Z:U or, qbz; being a continuous
weakly psh function on T.

(6) Furthermore, (bgv satisfies ddcqﬁgv > Prw,, -

Proof: For complete details on this plausible statement see [Eys04]. O

5.1.2. VHS case. Let p,, : m(X) — GLy(C) be a reductive representation which
appears as the monodromy of a C-VHS. We may assume that p,, (71 (X)) C U(Py, Qw)
with P, + Qw = N. Then the pluriharmonic mapping h, : Xun R, =
Riem(U(Py,Qy)). factors as P o p, where P : Dy, = U(Py,Quw)/U — Ry is

the natural projection

Lemma 5.1.5. The plurisubharmonic function ¢, : Xun — R>o defined by
¢pw (x) = d2(hw (x)v xO)

descends to a smooth plurisubharmonic function on the space 3';; which appears
in the proper holomorphic fibration ),(Vw = )r(%/ ker(py) — :S’;; constructed in
theorem 4.2.1.

There is a smooth holomorphic hermitian line bundle (L, h) on the Shafarevich
variety Shy,, (X) = :S';;/Fw with a semi positive curvature current w,, such that,

denoting by 7, : Sy, — Sh,,(X) the natural quotient map, there exists C > 0
such that dd°¢,,, > C.W;wwpw.

Proof: See [Eys04]. However the relevant computation was already made in
[GriSch69]. O

5.1.3. A sufficient condition for Sy to be Stein. Consider M C Mp(X,GLy)(Q) a
set of conjugacy classes of reductive linear representations. Assume that M is con-
structible for the Q-Zariski topolology. Let 5(\]\/4 the covering space corresponding
to the intersection Hjs of kerngli of aﬂglements in M. Theorem 4.2.1 constructs a
proper holomorphic fibration X; — Syy;.

Definition 5.1.6. A representation of type I attached to M is a reductive p, :
m(X) — GLN(K,) where K, is a local field obtained by one of the following
constructions:

e Localization at a non archimedian place of a number field L of a represen-
tative of an element of M.
e Reduction modulo p of the localization at a point of an affine connected

curve T/Q of a representation pr : m(X) — GLN(Q(T)) such that the
rational map T — Mp(X,GLy) maps T into M.
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A representation of type I1 attached to M is a reductive p,, : m1(X) — GLy(C)
which occurs as the holonomy of a C-VHS obtained by deforming w o p where w is
a real or complex embedding of a number field L and p : m(X) — GLn(L) is a
reductive representation whose class lies in M.

Proposition 5.1.7. If the convex hull of the [w,] € H'(Sha(X), Re(Oghyy(x)))

for p attached to M contains a Kdahler class then Sy; is holomorphically conver.
Proof: Easy. See [Eys04]. O

5.2. Absolute constructibility. Assume now that compact K&hler manifold X
is projective algebraic and defined over a subfield ¢ C C.

Let G be an algebraic reductive group defined over Q. The representation scheme
of (X, x) is an affine Q-algebraic scheme described by its functor of points:

R(m (X, z),G)(Spec(A)) := Hom(m (X, z), G(A))

for any Q algebra A. The character scheme of mi (X, ) with values in G is the
affine scheme
Mp(X,G)=R(m(X,z),G)//G.

Character schemes of fundamental groups of complex projective manifolds are
rather special. Simpson constructed two additional quasi-projective schemes over
L, Mpr(X,G) and Mpy(X,G). The C-points of Mpr(X,G) are in bijection with
the equivalence classes of flat G-connections with reductive monodromy, and the
C-points of Mp, (X, G) are in bijection with the isomorphism classes of polystable
G-Higgs G-bundles with vanishing first and second Chern class. Whereas the notion
of a polystable Higgs bundle depends on the choice of a polarization on X the moduli
space Mpoi(X,G) does not, i.e. - all moduli spaces one constructs for the different
polarizations are naturally isomorphic. Mpy (X, G) is acted upon algebraically by
the multiplicative group. There is furthermore a complex analytic biholomorphic
map

RH : Mp(X,G)(C) — Mpgr(X,G)(C)
and a real analytic homeomorphism
KH : MB(X, G)((C) — MDol(Xa G)((C)

RH and KH are also indpendant of the choice of a Kihler metric. When [ = Q,
one defines an absolute constructible subset of Mp(X,G)(C) to be a subset M such
that:

e M is the set of complex points of a Q-constructible subset of Mp(X,G),

e RH(M) is the set of complex points of a Q-constructible subset of Mpr(X, G),

e KH(M) is a C*-invariant set of complex points of a Q-constructible subset
of MDol(X7 G)

There is a rich theory describing the structure of absolutely constructible sub-
sets in Mp(X,G). Here we briefly summarize only those properties of absolutely
constructible sets that we will need later. Full proofs and details can be found in
[Sim93al.

e The full moduli space Mp(X, G) of representations of 71 (X, x) in G defined
in [Sim94] is absolutely constructible and quasi compact (acqc).

e The closure (in the classical topology) of an acqc subset is also acqc.

e Whenever p is an isolated point in Mp(X,G), {p} is acqc.
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e Absolute constructibility is invariant under standard geometric construc-
tions. For instance, for any morphism f : ¥ — X of smooth connected
projective varieties, the property of a subset being absolutely constructible
is preserved when taking images and preimages via f* : Mp(X,G) —
Mp(Y,G). Similarly, for any homomorphism g : G — G’ of reductive
groups, taking images and preimages under p, : Mp(X,G) — Mp(X,G")
preserves absolute constructibility.

e Given a dominant morphism f:Y — X and ¢ € N the set M} (X,GL,) of
local systems V on Y such that R'f,V is a local system is ac. Also, tak-
ing images and inverse images under R'f. : M}(X,GL,) — Mp(Y,GLy)
preserves acqc sets.

e The complex points of a closed acqc set M are stable under the natural C*
action. As seen before, the fixed point set MYHS := MC" consists of repre-
sentations underlying polarizable complex Variations of Hodge structures.

The main theorem of [Eys04] is:

Theorem 5.2.1. Let X be a connected complex projective manifold and M C

Mp(X,GLN(Q)) an absolute constructible subset. Then Xp is holomorphically
conver.

Theorem 5.2.1 follows via Proposition 5.1.7 from:

Proposition 5.2.2. The convez hull of the [w,] € H'(Shp(X), Re(Ogp,, (x))) for
p attached to M contains a Kdhler class.

5.3. Rigid integral case. A representation of a group in G(Q) where G/Q is a
linear algebraic group is integral if for every embedding of G in GLy its image is
conjugate to a subgroup of GLy(Z)

Assume M = {[p]} where p : m1(X) — G(L) is rigid and integral. Hence the non
trivial associated representations are all of type II. Then the group I', = p(m1 (X))
acts discretely on [, ¢ 4,(z) Dw and sh, : X — Sh,(X) is the Stein factorization
of the holomorphic map p, : X — HweAT(L) D, /T,.

In particular, for every Z C Sh,(X) a closed complex subvariety the map sh,|z
is finite onto its image- hence generically immersive. Also, the period mapping
pp|7r;1( 2) is horizontal and an immersion at the general point.

Since the line bundle L is a tensor product of line bundles on the D,, that have
positive horizontal curvature, it follows that (3", w,, )3™%).Z > 0.

In particular [}, w,,] is a Kéhler form by [DemPau04] -which holds true with
singularities.

5.4. Conclusion of the proof ot theorem 5.2.1. As the preceding section sug-
gests, representations of type II attached to M are easily dealt with. The main
problem is to show that absolute constructibility entails enough representations ot
type I.

Consider shl, : X — Sh{,(X) the simultaneous Stein factorization of the rep-
resentations of type I attached to M. One has a factorization sh{w =1 oshy and
for every representation of type I

H' (Shat(X), Re(Osny, (x)) 2 [wp,] = 071}, ] [w),] € H' (SR (X), Re(Ogpt x)-

Theorem 5.2.1 follows then in the now familiar way of:
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Proposition 5.4.1. Let M C Mg(X,GLN)(Q) be absolute constructible. Then,
the convex hull of the [w), | € H'(Shj(X), Re(Ogp1 (xy) contains a Kdhler form.

Remark 5.4.2. This is true if N = 1. In that case, representations of type 11

are unitary hence give trivial information for our purpose. In that case, we have
Shi = Shy.

The proof is non trivial and relies on an idea of [Sim93b] pushed further in
[JosZu096],[JosZuo00].

6. LINEAR SHAFAREVICH CONJECTURE

6.1. Variations of Mixed Hodge Structure. To treat linear groups, one has to
take into account non reductive linear representations of the fundamental group.
These do not posses pluriharmonic mappings but a privileged subclass of local
systems does have holomorphic period mappings: the Variations of Mixed Hodge
structures introduced in [StZ85] [Usu83].

Definition 6.1.1. A C-VMHS on X is a 6-tuple (X,V, W,, F*.G, (Sk)kez) where:

(1) V is a local system of finite dimensional C-vector spaces,

(2) Wo = (Wy)rez is a decreasing filtration of V by local subsystems,

(3) F* = (FP)pez a bireqular decreasing filtration of V ®c Ox by locally free
coherent analytic sheaves such that d' FP C FP~1 @ Q% ,

(4) g = (aq)qez a biregular decreasing filtration of V ®@c Ox by locally free
coherent antianalytic sheaves such that d'G" C ¢ 'e oL,

(5) Ya € X the stalk (V,, W, ., F2,Gy) is a C-MHS,

(6) Sk is flat sesquilinear non degenerate pairing on Gr)'V,

(7) (X, Gri'V, Gr]V®<O0x o Gr/®°<G* 5)) is a C-VHS.

The strategy of [EKPRO09] is to construct an ample supply of VMHS and use
them the way Simpson’s VHS were used in section 4.

6.2. Goldmann-Millson’s theorem and Hodge Theory. In this paragraph,
we review the construction of [EysSim09] which develops some Hodge theoretic
aspects of Goldman-Millson’s theory of deformations for representations of Kéhler
groups [GolMil88].

Fix N € N and assume that G = GLy and M = Mp(X,GLy). Let p :
m1(X,2) — GLy(C) be the monodromy represention of a C-VHS. Let O, be the
complete local ring of [p] € R(m1(X,z), GLy)(C). Let

obsy = [—; —]: S?H*(X,End(V,)) — H'(X,End(V,))

be the Goldman-Millson obstruction to deforming p. Define Is, (In)n>2, (Ily)n>0,
as follows:

I, = C

I, = HY(X,End(V,))*

I, = Im(‘obsy) C S*H'(X,End(V,))*
I, IL,S"?H'(X,End(V,))*

I, = S"HY(X,End(V,))*/I,
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Then the complete graded local C-algebra

(6T7 m) = (@nzonm @TLZlHn)

is the function algebra of a formal scheme T which is the germ at 0 of the
quadratic cone

obsy 1(0) € H'(X,End(V,)).

In [GolMil88], the formal local scheme T is realized as a hull of the deformation

functor for p. They construct in effect a representation pGM : 7, (X, x) — GLN(@T)
such that:

(1) p$M = p mod m,
(2) p$M mod m? is the universal first order deformation of p,
(3) For every local Artin ring (4, m) with A/m = C and every pa : 71 (X, z) —

GLN(A) such that pa = p mod m there is a ring morphism ¢ : Op — A
such that pa = ¥ (pGM).

This hull is well defined up to automorphism but not up to an unique isomor-
phism.

We can now summarize the results developped by [EysSim09] in the form we
shall need:

Definition 6.2.1. Let n1,...,n, € E*(X,End(V,)) form a basis of the subspace

HY(X,End(V,)) of harmonic twisted one forms, each n; being of pure Hodge type

(P;,Q;) for the Deligne-Zucker C-Mized Hodge Compler E*(X,End(V,)). Then

{n:} is a basis of H (X, End(V,)) whose dual basis we denote by ({m1}*,...,{m}*).
The End(V,) ® II; -valued one-form of is defined by the formula:

b
o) = mi@{m}
=1

Proposition 6.2.2. For k > 2, we can construct a unique D" -ezact form of €
EY(X,End(V,)) ® Il such that the following relation holds:

p ,
D'aj +aj_ja] + af_qa + ...+ ajaj_; = 0.

Proposition 6.2.3. Let A, = Y «a} acting on the vector bundle underlying the
filtered local system (Vp®(§T, Wi (VP®C§T) = Vp®mk_w9ht(vp)), whose connection
will be denoted by D.

Then, D+ A respects this weight filtration, satisfies Griffiths’ transversality for
the Hodge filtration F* defined by

and we can construct an anti-Hodge filtration so that the resulting structure is a
graded polarizable C-VMHS

Its monodromy representation denoted by ng” is a hull of the deformation
functor of p.

A detailed proof of this proposition is given in [EysSim09].
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Definition 6.2.4. The C-VMHS obtained from that of Proposition 6.2.3 by reduc-
tion mod m" T is of finite rank and will be called the n-th deformation of V, and
will be denoted by D, (V,).

These universal VMHS being constructed, we need to explain how to use them.

Remark 6.2.5. The restriction G = GLy in the above considerations was intro-
duced only for convenience. It is not essential. In [EysSim09], similar statements
are proven for arbitrary reductive groups G.

6.3. Strictness.

6.3.1. Subgroups of m (X, x) attached to an absolute closed subset. Let G be a re-
ductive algebraic group defined over Q. Suppose as before M C Mp(X,G) is an
absolute closed subset.

Definition 6.3.1. Let MVH5 be the subset of M(C) consisting of the conjugacy
classes of C-VHS that is MV"S .= KH=Y(Mpy(X,G)® (C)).

With no risk of confusion we will identify this conjugacy classes with actual
representations.

Definition 6.3.2. The tannakian categories T2 and Ty are defined as follows:

TV HS: s the full Tannakian subcategory of the category of local systems on
X generated by the elements of MVHS.

Tae is the full Tannakian subcategory of the category of local systems on X
generated by the elements of M.

Every object in 7,715 is isomorphic to an object which is a subquotient of
a1(p1) ® ... ® as(ps), where p1,...,ps are elements of M. The objects of TA‘ZHS
underly polarizable C-VHS.

Let TYM5 be the thick Tannakian subcategory of (C-VMHS) whose graded
constituents are objects of 7,5, The full subcategory of 7,y MH9 with a weight
filtration of length at most k + 1 will be denoted by TyM#9 (k) .

Definition 6.3.3. Given X, G, and M C Mp(X,G) as above, and k € N we
define the following natural quotients of m (X, x):

I'Sg: is the quotient of m (X, x) by the intersection H5p of the kernels of the
monodromy representation of D, (V,), 0 € M, n € N, and of the objects of
TVHS.

I'k,: is the quotient of m1(X, ) by the intersection HY, of the kernels of the
monodromy representation of Di(V,), o € TyH5 | and of the objects of M.

Note that we have the inclusions:

I3 = () Th c it crh T, =T
keN
It should be noted that since HY, (respectively H%,) is normal the various base
point changing isomorphisms 7x (X, ') — 71 (X, x) respect HY, (respectively H¥,).

Hence, dropping the base point dependance in the notation H%, (respectively H¥,)
is harmless.
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6.3.2. Strictness. Let z € Z be a base point in the connected projective variety Z.

Proposition 6.3.4. For every [ : (Z,z) — (X, z) such that m1(Z,2z) — T is
trivial, the following are equivalent:
(1) For every V in TS, HY(X,V) — HY(Z,V) is trivial,
(2) m(Z,2) — T, is trivial,
(3) For every o € Ty/HS and k € N | for every Z — Z a resolution of singu-
larities of an irreducible component, the VMHS Dy, (VU)Z 1s trivial.
(4) m(Z,z) — I'Sq is trivial.

Proof: The proof of this generalization of the main point of [Kat97] uses the
explicit construction [EysSim09], see [EKPR09]. The only thing to prove is (1) =
(4). Since in degree I restrictions of harmonic forms stay harmonic, (1) implies that
the restriction to Z of the form «of is zero.

The forms «}, for k > 2 are obtained obtained by recurrence as follows. Applying
the D'D"” lemma, we see that the curvature of Dy = D + Ei:ll af is D' D"-exact.
Then o}, = £D" 3y, where (3 is the unique (up to a parallel section) solution on X
of D'D” B, = (Dy)?.

Now a solution of this equation (3, on X restricts on each resolution of singular-
ities Z; of a component of Z to a solution of the same equation on Z;. From this
we infer that af|z =0 for k > 2.

O

6.4. Linear Shafarevich Conjecture. The main Theorem of [EKPRO09] is:

Theorem 6.4.1. Let X be complex projective manifold. Let G be a reductive
algebraic group defined over Q. Let M = Mp(X,G).
For every 0 < k < 400, the covering space X“*/HY, is holomorphically convez.

The case k = 0 is covered by the main result of [Eys04]. Proposition 6.3.4 reduces
the theorem to the case k = 1. In fact, the maximal compact connected subspaces
of Xun/HE k> 1, are lifts of those of X“n/H} . Hence, the Shafarevich maps for
the HJ’f/[ are the same for all £ > 1.

The theorem implies easily the Shafarevich conjecture for complex projective
manifolds whose fundamental group posseses a faithfull linear representation.

The idea of the proof is as follows.

Using [Eys04], we construct the Cartan-Remmert reduction s, : Xy = Xun JHY,

S9,. Its composition with the natural projection gives a holomorphic map shy
Xun/HL, — S9,.

Fix X a finite subset of 7,77, For ¢ € ¥, the period mapping of D;(V,) is a
holomorphic map p! : ﬁl/H@ — M D! where M D} is a mixed period domain
parametrizing MHS of weights —1,0. This complex manifold is an affine bundle
over a Griffiths period domain.

Using this we have a holomorphic map

a(2) = [ vt x sk - [[ Xon/HY — MD} x 55,.
oeD oex

If every connected component of a fiber of ¢(X) is compact we may argue as
in section 4. The restriction of ¢(X) to the lift of (a finite etale cover) of a fiber
Z of 8, is essentially given by a finite set of abelian integrals of Z. We assume,

—
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for simplification, Z is smooth and irreducible (the general case can be reduced to
this special case). Their differentials span a vector subspace P10 of H(Z, Q1) and
define a R- sub Hodge structure P = Pg(Z/X) = P° ¢ P10 c HY(Z,C).

One sees easily that one can choose ¥ in such a way that Px(Z/X) C Pg,(Z/X)
for all ¥ and Z as above.

If P19 C H°(Z,Q}) is a vector subspace, the holomorphic map they define on

their integration covering Zp — (P10)* is proper provided P is defined over Q.

This reduces the problem to proving that Ps,(Z/X) is rational. This is achieved
by a Mixed Hodge Theoretic argument in [EKPR09] using [EysSim09] crucially. A
simpler argument might actually exist but remains to be discovered.

7. CONCLUSION AND OPEN PROBLEMS

The main theorems of [Eys04] [EKPRO09] rely on a projectivity assumption which
comes from the use of [Sim93a] by [Eys04]. On the other hand, it is natural to expect
these theorems hold in the compact Kéahler case.

7.1. Bogomolov-Katzarkov’s examples. Are the general type surfaces constructed
in [BoKa98] counter-examples to the Shafarevich conjecture? This seems to be a
hard problem in geometric group theory.

7.2. Kdhler Groups. The problem, originally posed by Serre, of determining
which groups can occur as the fundamental group of a complex projective man-
ifold is wide open. It is not known whether the class coincides with Kahler groups
(fundamental groups of compact Kéhler manifolds). Non abelian Hodge Theory
is very powerful to find restrictions obeyed by Kahler groups. For a survey, see
[ABCKT96].

The class of fundamental groups of complex quasiprojective manifolds is studied
by [JosZuo096][JosZuo00], see also the important work of T. Mochizuki [Moc07].

7.3. Rigid representations of Kahler groups. A semisimple representation in
G(Q) where G is a semisimple group is called integral if the values of its character
are algebraic integers . No non integral rigid representation of a Kéhler group is
known.

A conjecture of Simpson claims this is impossible. This conjecture is correct if
G = SLs. This conjecture seems to be rather difficult in general. Non archimedian

non abelian Hodge theory is obviously a tool.

7.4. Toledo conjecture. A real semisimple algebraic group is of hermitian sym-
metric type if its Riemannian symmetric space is a bounded symmetric domain.

It is conjectured that a uniform lattice in a real semisimple algebraic group is
Kahler iff the group is of hermitian symmetric type.

It would follow from the statement that H?(r(X),R) # 0 if X is a compact
Kéhler manifold such that 71 (X) has an infinite complex linear representation.

Klingler (unpublished), developping an idea of Reznikov, has given an argument
reducing this to the case where all linear representations underly a rigid C-VHS.
This case is still open despite several attempts.
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7.5. Invariance of I'-dimension and variation of the Shafarevich mor-
phism. It is expected, thanks to work of Campana [Cam94] and Claudon [Cla09],

that the I'-dimension of (X, H) namely dim Sy (X) as in Theorem 1.0.5 is a defor-
mation invariant.

The linear case of this problem is related to the following admittedly vague
question: can one formulate and prove a partial converse to the Kéahler case of
the Gromov-Schoen theorem, namely reconstruct form an enriched version of the
spectral covering the original action of the fundamental group on an affine building?
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