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Abstract

The evaluation of an Akaike information criterion (AIC), KIC is considered. Kullback information
criterion (KIC) is an approximately unbiased estimator for a risk function based on the Kullback’s
symmetric divergence. However, when the sample size is small, or when it is large and the dimension
of the candidate model is relatively small, this criterion displays a large negative bias. To overcome
this problem, corrected versions, KICc, of this criterion for univariate autoregressive models and for
multiple and multivariate regression models are proposed. Thus, the methodology for AIC and AICc
from McQuarrie and Tsai is extended to the KIC criterion. The performance of the new criterion
relative to other criteria is examined in a large simulation study.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The Akaike information criterion (AIC) (Akaike, 1973), was designed as an asymp-
totically unbiased estimator of a variant of the Kullback’s (1968) directed divergence be-
tween the true model and a fitted approximating model. Another variant of this criterion,
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Kullback information criterion (KIC), was proposed by Cavanaugh (1999) as an asymp-
totically unbiased estimator of Kullback’s symmetric divergence (the sum of the two di-
rected divergences). However, when the sample size is small, or when the sample size
is large and the dimension of the candidate model is relatively small, both estimators
suffer from a large negative bias, which usually leads them to select over-parameterized
models. In this setting, Hurvich and Tsai (1989) proposed a corrected Akaike
information criterion (AICc), for linear and non-linear regression and for auto-
regressive modeling. The AICc has been extended in a number of directions, including
autoregressive moving average modeling (Hurvich et al., 1990), vector autoregressive
modeling (Hurvich and Tsai, 1993), and multivariate regression modeling (Bedrick and
Tsai, 1994; Fujikoshi and Satoh, 1997). Further, the KIC criterion tends to underesti-
mate the Kullback’s symmetric divergence in small-sample applications, as indicated
by Cavanaugh (1999).

In the present paper, we derive and investigate bias-corrected versions of KIC,
denoted KICc, for general multiple regression and autoregressive time series models. More-
over, we extend KICc from multiple linear regression to multivariate regression mod-
els. In every case, the KICc was computed by assuming that the candidate family of
models includes the true model. Furthermore, unlike the AICc criterion which is ex-
actly unbiased for linear regression, our criterion is unbiased only asymptotically in ev-
ery setting. However, the KICc may be written as the sum of KIC and a non-stochastic
term, which means that the reduction in bias is achieved without any increase
in the variance.

The signal-to-noise ratio is one of the important tools for evaluating model selection
criteria. If the signal-to-noise ratio for one criterion is small (less than 0.5, say), the criterion
tends to choose overfit models. On the other hand, if the signal-to-noise ratio is large (greater
than 2, say), the criterion has a tendency to underfit. We derive the signal-to-noise ratio for
KIC and KICc and we show that KIC has a small signal-to-noise ratio and therefore tends
to overfit.

In Section 2 we develop the KICc in multiple regression, and we present simulation
results for linear regression. We derive KICc and present simulation results for multi-
variate regression in Section 3. In Section 4, we present KICc for autoregressive mod-
els. In each section, we present the signal-to-noise ratios and the small sample proba-
bilities of overfitting for these two criteria. We end the paper with a small conclusion
in Section 5.

2. Derivation of the KICc criterion for multiple regression

Let Y be the vector of the observed data, �0 be the true parameter vector, which is
unknown, and let � be the parameter vector of the candidate model. f (Y|�0) and f (Y|�)

represent the generating and the candidate densities for data, respectively. We denote by
�̂ the maximum likelihood estimator of �0, and by d the dimension of �. In this section,
we derive a corrected version of KIC criterion for general multiple regression models.
Moreover, the signal-to-noise ratio of overfitting and the overfitting probability for both the
KIC and KICc criteria are outlined.
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2.1. KICc for multiple regression

Suppose that the generating model for data is given by

Y = � + �0, (1)

where Y is an n × 1 observation vector, � is an n × 1 vector, and � is a Gaussian random
vector with zero mean and variance–covariance matrix equal to �2

0I. We assume that the
candidate family of models is given by

Y = g(�) + �, (2)

where � is a p × 1 vector, � is a Gaussian random vector with zero mean and variance–
covariance matrix equal to �2I, and g is a function assumed to be twice continuously
differentiable in �. We assume that the candidate class of models includes the true model.
This strong assumption is also used in the derivation of the KIC (Cavanaugh, 1999) and
AIC criteria (Linhart and Zucchini, 1986). In this setting, the vector � can be written as
�= g

(
�0
)
, where �0 is an p0 × 1 unknown vector. If both the candidate and the generating

models are linear, we have g(�)=X�, g
(
�0
)=X0�0, where X and X0 are n×p and n×p0

matrices of full rank, respectively. With this notation, the parameter vectors � and �0 for
the candidate and the generating models are

(
�t, �

)t
and

(
�t

0, �0
)t

, respectively, where “t”
stands for the transpose and d = p + 1.

A measure of separation between the generating model f (Y|�0) and the candidate model
f (Y|�) is given by the Kullback’s symmetric divergence (Kullback, 1968), defined by

J (�0, �) = {D (�0, �) − D (�0, �0)} + {D (�, �0) − D(�, �)} , (3)

where D (�0, �) = E�0{−2 ln f (Y|�)} and E�0 denotes the expectation with respect to
f (Y|�0).

The log-likelihood for the candidate model is given by

ln f (Y|�) = −n

2
ln 2� − n

2
ln �2 − 1

2�2
(Y − g(�))t(Y − g(�)).

Since the second term of (3) does not depend on � and for the purpose of discriminating
among various models, Cavanaugh (1999) proposed

K (�0, �) = D (�0, �) + {D (�, �0) − D(�, �)} , (4)

as a substitute for J (�0, �). However, he showed that, under the assumption that the
candidate family includes the generating model, the criterion defined by

KIC = n
(

ln �̂2 + 1
)

+ 3(p + 1) (5)

is an asymptotically unbiased estimator of

� (d, �0) = E�0

{
K
(
�0, �̂

)}
. (6)
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Now, we derive a corrected version of this criterion using the result of Hurvich and
Tsai (1989) which established that the criterion defined by

AICc = n
(

ln �̂2 + 1
)

+ 2n(p + 1)

n − p − 2
(7)

is an asymptotically unbiased estimator of

� (d, �0) = E�0

{
D
(
�0, �̂

)}
. (8)

The following proposition is an adaptation of this result for the Kullback’s symmetric
divergence.

Proposition 2.1. The criterion defined by

KICc = n
(

ln �̂2 + 1
)

+ (p + 1)(3n − p − 2)

n − p − 2

is an asymptotically unbiased estimator of �(d, �0).

Proof. From (4) and (6), we have

� (d, �0) = E�0

{
D
(
�0, �̂

)}
+ E�0

{
D
(
�̂, �0

)
− D

(
�̂, �̂

)}
. (9)

Now, we will compute the second term of this equation. First, we calculate D (�1, �2) in the
general case, where �1 and �2 are any two vectors, and then we apply the obtained result to

compute D
(
�̂, �0

)
and D

(
�̂, �̂

)
. We have

D (�1, �2) = E�1
{−2 ln f (Y|�2)}

= E�1

{
n ln

(
2��2

2

)
+ 1

�2
2

(
Y − g

(
�2
))t (Y − g

(
�2
))}

= E�1

{
n ln

(
2��2

2

)
+ 1

�2
2

(
Y − g

(
�1
))t (Y − g

(
�1
))

+ 1

�2
2

(
g
(
�1
)− g

(
�2
))t (

g
(
�1
)− g

(
�2
))}

= n ln
(

2��2
2

)
+ 1

�2
2

{
n�2

1 + (
g
(
�1
)− g

(
�2
))t (

g
(
�1
)− g

(
�2
))}

.

(10)

From (10), we have

D
(
�̂, �0

)
= n ln

(
2��2

0

)
+ 1

�2
0

{
n�̂2 +

(
g
(
�̂
)

− g
(
�0
))t (

g
(
�̂
)

− g
(
�0
))}

.
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The linear expansion of order one of g(�̂) at � = �0 is given by

g
(
�̂
)

≈ g
(
�0
)+ V

(
�̂ − �0

)
,

where V = �g/�� evaluated at � = �0. This leads to

D
(
�̂, �0

)
≈ n ln

(
2��2

0

)
+ 1

�2
0

{
n�̂2 +

(
�̂ − �0

)
VtV

(
�̂ − �0

)}
. (11)

Similarly, from (10) we have

D
(
�̂, �̂

)
= n ln 2� + n ln �̂2 + n. (12)

From (11) and (12), we obtain

D
(
�̂, �0

)
− D

(
�̂, �̂

)
≈ n ln

�2
0

�̂2
+ n

�̂2

�2
0

+ 1

�2
0

{(
�̂ − �0

)
VtV

(
�̂ − �0

)}
− n.

Now, the distribution of
(
n�̂2

/�2
0

)
is a chi-square with (n − p) degrees of freedom, and

the quadratic form
{(

�̂ − �0

) (
1/�2

0

) (
VtV

) (
�̂ − �0

)}
is approximately distributed as chi-

square with p degrees of freedom. Thus we have

E�0

{
D
(
�̂, �0

)
− D

(
�̂, �̂

)}
≈ E�0

{
n ln

�2
0

�̂2

}
.

Furthermore, Cavanaugh (1997, Lemma 3) showed that

E�0

{
n ln

�2
0

�̂2

}
= (p + 1) + o(1). (13)

According to (7), and substituting (13) in the second term of (9), we obtain the estimator
of � (d, �0) given in the proposition. �

Other equivalent forms of this criterion are

KICc = KIC + 2(p + 1)(p + 2)

n − p − 2
,

KICc = AICc + (p + 1).

Since KICc is the sum of KIC and an additional non-stochastic penalty term, the reduction
in bias is achieved without any increase in variance.

2.2. The signal-to-noise ratio and probability of overfitting

KIC can overfit in small samples for reasons similar to those of AIC. To examine
KIC’s properties in overfitting, we compute its signal-to-noise ratio and its small-sample
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probability of overfitting. From the results of our experiments recorded in Table 2 in Sec-
tion 2.3, we can see that KIC has a weak signal-to-noise ratio with respect to overfitting.
Moreover, we assert that the signal-to-noise ratio has a close relationship to the probability
of overfitting. We detail this relationship in Section 2.3.

We will compare the true model (1) with an overfit candidate model (2) of order p,
p > p0. Let L = p − p0 represent the amount of overfitting. KIC will choose a model p0
over model p0 + L if KICp0 is strictly less than KICp0+L. Let �KIC = KICp0+L − KICp0 .
Then, applying the relations (2A.13) and (2A.14) from McQuarrie and Tsai (1998), and
scaling the first two terms of KIC by n, the signal-to-noise ratio of KIC is obtained as

E[�KIC]
Sd[�KIC] =

√
(n − p0 − L) (n − p0 + 2)√

2L

×
{

ln

(
n − p0 − L

n − p0

)
− L

(n − p0 − L) (n − p0)
+ 3L

n

}
, (14)

where Sd[A] denotes the standard deviation of A. So, as L −→ (n − p0), the first two
terms of (14), which result from the ln �̂ term of KIC, converge to −∞. While the last
term, arising from the penalty term of KIC, converges to zero. Thus, the third term of (14)
increases for small L and then decreases to 0 as L increases. Therefore, the signal-to-noise
ratio of KIC increases for small L and decreases to −∞ as L increases. Hence, KIC should
exhibit small sample overfitting problems.

Similarly, the signal-to-noise ratio of KICc is

E[�KICc]
Sd[�KICc] =

√
(n − p0 − L) (n − p0 + 2)√

2L

{
ln

(
n − p0 − L

n − p0

)

− L

(n − p0 − L) (n − p0)

+ 2L(n − 1)

(n − p0 − L − 2) (n − p0 − 2)
+ L

n

}
.

The following lemma shows that the signal-to-noise ratio of KICc increases as L increases,
so KICc should avoid overfitting. The proof is given in the Appendix A.

Lemma 2.2. Let the true and candidate models be (1) and (2) respectively, where
0 < p0 < n − 6. For n�6, the signal-to-noise ratio of KICc increases as the overfitting
L increases, where 0 < L < 2 (n − p0) /3.

It is well known that the signal-to-noise ratio is related to the probability of over-fitting.
Therefore, as in McQuarrie and Tsai (1998), we derive the probability of overfitting for
KIC and KICc scaling the first two terms of them by n. (For other criteria see McQuarrie
and Tsai, 1998.)
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Let SSEp = n�̂p. We know that KIC overfits if KICp0+L < KICp0 . Then the probability
that KIC selects the overfitted model p0 + L is

P
(
KICp0+L < KICp0

)= P

{
ln �̂2

p0+L + 3 (p0 + L + 1)

n
< ln �̂2

p0
+ 3 (p0 + 1)

n

}

= P

{
ln

�̂2
p0+L

�̂2
p0

<
−3L

n

}

= P

{
�̂2

p0
− �̂2

p0+L

�̂2
p0+L

> exp

(
3L

n

)
− 1

}

= P

{
SSEp0 − SSEp0+L

SSEp0+L

> exp

(
3L

n

)
− 1

}
.

Since SSEp0 ∼ �2
0	

2
n−p0

and it is independent of SSEp0 −SSEp0+L then, SSEp0 −SSEp0+L ∼
�2

0	
2
L (cf. McQuarrie and Tsai, 1998, p. 66). Consequently, we have

P
(
KICp0+L < KICp0

)= P

{
	2
L

	2
n−p0−L

> exp

(
3L

n

)
− 1

}

= P

{
FL,n−p0−L >

n − p0 − L

L

(
exp

(
3L

n

)
− 1

)}
.

Similarly, we have for KICc

P
(
KICcp0+L < KICcp0

)
= P

{
FL,n−p0−L >

n − p0 − L

L

×
(

exp

(
2L(n − 1)

(n − p0 − L − 2) (n − p0 − 2)
+ L

n

)
− 1

)}
.

The quantiles of the two criteria are not the same, and are not easy to compare analytically.
A small numerical comparison of them is performed in the next section.

2.3. Multiple regression example

To end this section, we evaluate the performance of the KICc criterion against KIC, AIC,
AICc, SIC [SIC =n ln �̂2 + (p + 1) ln(n), Schwarz, 1978] and HQ [HQ =n ln �̂2 + 2(p +
1) ln(ln(n)), Hannan and Quinn, 1979] criteria in a small sample numerical experiment.
For simplicity, we assume that the candidate and the true models are both linear. In this
setting, we take V = X. We consider 1000 samples of sizes n = 20 and n = 30 generated
from model (1), with � = X0�0, p0 = 3, �0 = (1, 2, 3)t and �2

0 = 1. We consider seven
candidate models stored in an n × 7 matrix X, with a column of ones, followed by six
columns of independent identically distributed normal random variables with zero mean
and variance–covariance matrix equal to �2

0I. The candidate models include the columns of
X in a sequentially nested fashion; that is, columns 1 to p define the design matrix for the
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candidate model with dimension p. The design matrix X0 for the true model was the first
three columns of X. Over the 1000 samples, the selections are summarized in Table 1.

We see from Table 1 that for n = 20 both the KICc and AICc criteria perform better
than the other criteria, which exhibit a tendency to overfit the true model. Moreover, KICc
outperforms AICc. When n = 30 the tendency to overfit for all other criteria decreases
slightly, but KICc provides the best selection of p.

Fig. 1 provides some insight as to why KICc tend to outperform other criteria as a
selection criterion. In this figure, simulated values of � (d, �0) are plotted versus the order

p for p = 1, 2, . . . , 7. These values are obtained by averaging K
(
�0, �̂

)
over the 1000

replications. The average values for other criteria are also plotted versus p. When p > p0,
the average curves of all criteria follows the simulated � (d, �0) curve over the range of
models. But, the average KICc curve tracks � (d, �0) more effectively than other average
criteria curves. On the other hand, we note that the corresponding shapes of AIC, SIC and
HQ mirror the shapes of other criteria.

We present in Table 2 both the signal-to-noise ratios and the probabilities of overfitting
calculated for all the criteria for sample sizes n = 15, 25, 50 and p0 = 6. We denote by L
the number of variables by which the model overfits the true model.

For n=15, KICc and AICc have a greater signal-to-noise ratios than the others, and their
probabilities of overfitting are almost zero. The other criteria have smaller signal-to-noise
ratios and higher probabilities of overfitting. We conclude that the smallest signal-to-noise
ratios correspond to the higher probabilities of overfitting, and that greater signal-to-noise
ratios lead to small probabilities of overfitting. On the other hand, the probabilities of
overfitting for KICc and AICc increase to a small degree as the sample size increases,
whereas they decrease for all other criteria.

3. Derivation of KICc for multivariate regression

The multivariate regression model with q responses and m predictor variables, as op-
posed to the multiple regression with one response and q predictor variables, is one of the
most useful tools for model selection. In this section, we extend the KICc for multiple
linear regression to multivariate regression, and we present its signal-to-noise ratio in this
framework.

3.1. KICc for multivariate regression

Suppose that the generating and the candidate models are both linear, where the candidate
model is given by

Y = X� + U, U ∼ Nq(0, 
), (15)

with the rows of Yn×q correspond to q response variables on each of n individuals, �m×q

is a matrix of unknown parameters and Xn×m is a known matrix of covariate values. The
rows of the matrix Un×q are assumed to be independently distributed as a q-variate normal
distribution with mean zero and covariance matrix 
.
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Fig. 1. Simulated �
(
d, �0

)
and average of all criteria curves, with p0 = 3 and n = 20 (multiple regression).

Ignoring the constant terms, the log-likelihood function

ln f (Y|�) = −0.5n ln |
| − 0.5 tr
{
(Y − X�)
−1(Y − X�)t

}
,

where “tr” stands for trace, yields maximum likelihood estimates

�̂ = (
XtX

)−1
XtY and 
̂ =

(
Y − X�̂

)t (
Y − X�̂

)/
n.

The true model has the following form:

Y = X0�0 + U0, U0 ∼ Nq (0, 
0) , (16)

where the matrices X0 and �0 are n × m0 and m0 × q, respectively. The rows of U0 are
independent with mean zero and covariance matrix 
0. The number of unknown parameters
in the candidate model is d = qm + 0.5q(q + 1).

Then, the KIC criterion for model selection in multivariate regression is given by (cf.
Cavanaugh, 1999)

KIC = n
(

ln
∣∣∣
̂∣∣∣+ q

)
+ 3d .

Under the assumption that the family of candidate models includes the true model, the
columns of X can be rearranged so that X0�0 = X��, where �� = (

�t
0, �

t
1

)t
and �1 is an

(m − m0) × q matrix of zeros. The following proposition gives the KICc criterion for
multivariate regression. Its proof is given in Appendix B.

Proposition 3.1. The criterion defined by

KICc = n
(

ln
∣∣∣
̂∣∣∣+ q

)
+ d(3n − m − q − 1)

n − m − q − 1

is an asymptotically unbiased estimator of � (d, �0).
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When there is a single response variable, this criterion reduces to the KICc criterion for
multiple regression given in Section 2. Moreover, this criterion can be written as

KICc = KIC + 2d(m + q + 1)(n − m − q − 1)

n − q − 2

and

KICc = AICc + d ,

where AICc = n
(

ln
∣∣∣
̂∣∣∣+ q

)
+ 2dn/(n − m − q − 1) (cf. Bedrick and Tsai, 1994).

As in multiple regression, the reduction in bias for KICc is achieved without any increases
in variance, since KICc is the sum of KIC and an additional constant term.

3.2. The signal-to-noise ratio and probability of overfitting

As in multiple regression and using both equations (4A.4) and (4A.5) from McQuarrie
and Tsai (1998, pp. 182–183), the signal-to-noise ratio of KIC is

E[�KIC]
Sd[�KIC] =

√
(n − m0 − L − (q − 1)/2) (n − m0 − (q − 1)/2 + 2)√

2Lq

×
{
q ln

(
n − m0 − L − (q − 1)/2

n − m0 − (q − 1)/2

)

− Lq

(n − m0 − L − (q − 1)/2) (n − L − (q − 1)/2)
+ 3Lq

n

}
.

As L −→ (n − m0 − q), the first two terms, which derive from ln 
̂, decrease to −∞.
Meanwhile, the last term, which arises from the penalty term, decreases to 0 as L increases.
Therefore, the signal-to-noise ratio of KIC increases for small L, decreases to −∞ as L
increases resulting in small sample overfitting problems.

Analogously, the signal-to-noise ratio of KICc is

E[�KICc]
Sd[�KICc] =

√
(n − m0 − L − (q − 1)/2) (n − m0 − (q − 1)/2 + 2)√

2Lq

×
{
q ln

(
n − m0 − L − (q − 1)/2

n − m0 − (q − 1)/2

)

− Lq

(n − m0 − L − (q − 1)/2) (n − L − (q − 1)/2)

+ Lq(2n − q − 1)

(n − m0 − L − q − 1) (n − m0 − q − 1)
+ Lq

n

}
.

The following lemma shows that the signal-to-noise ratio of KICc increases as L increases.
So KICc should resist overfitting well. The proof is presented in Appendix B.
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Lemma 3.2. Let the true and candidate multivariate regression models be given by equa-
tions (16) and (15), where 0 < m0 �m < n − q − 6. For n�q + 5 and overfitting L where
0 < L < (2/3) (n − m0 − (q − 1)/2), the signal-to-noise ratio of KICc increases as L in-
creases.

We will now examine the small-sample probability of overfitting. Suppose that there is
a true order m0 and we fit a candidate model of order m0 + L where L > 0 and that those
models are nested. The probability that KIC selected the overfitted model m0 + L is

P
(
KICm0+L < KICm0

)= P

{
n

q∑
i=1

ln

(
1 + 	2

L

	2
n−m0−L+i

)
> 3Lq

}
.

The detailed calculations are given in the Appendix B. Similarly the probability that KICc
selected the overfitted model m0 + L is

P
(
KICcm0+L < KICcm0

)= P

{
n

q∑
i=1

ln

(
1 + 	2

L

	2
n−m0−L+i

)

>
Lq(2n − q − 1)n

(n − m0 − L − q − 1) (n − m0 − q − 1)
+ Lq

}
.

The probabilities of overfitting of the two criteria are not easy to compare analytically. We
present a small numerical comparison of them in the next section.

3.3. Numerical experiments

To examine the performance of KICc criterion, we consider the same example as in
Bedrick and Tsai (1994). We choose 1000 samples of sizes n = 20 and n = 35 generated
from model (16), with m0=4 and 
0=(1−�)Iq +�Jq , where Jq is a q×q matrix of ones, Iq

is q×q identity matrix, the selected values of � are 0.3, 0.6 and 0.8 and q=2, 4. We consider
eight candidate models stored in an n×8 matrix X, with a column of ones, followed by seven
columns of independent standard normal random variables. As in the multiple regression
example, the candidate models include the columns of X in a sequentially nested fashion.
For each of the q responses, the regression parameters are identical: (1, 2, 3, 4). Thus, we
use the same matrix and values of � for each pair (n, q).

For each of the 1000 samples, all eight models in the candidate class are fit to the data.
As in Bedrick and Tsai (1994), we have obtained the same simulation results for different
values of the correlation � between responses. So we present only results for � = 0.6. The
selections over the 1000 data sets are summarized in Table 3. In this context, the SIC and
HQ criteria are defined by SIC = n ln

∣∣∣
̂∣∣∣ + d ln(n) and HQ = n ln
∣∣∣
̂∣∣∣ + 2d ln(ln(n)),

respectively.
For n = 20, KICc performs better than the other criteria, except for the AICc which

yields almost the same results as KICc. Moreover, the other criteria have a tendency to
overfit the true model. On the other hand, when n = 35 all the criteria perform well, but
KICc provides the best selection of m. The tendency to overfit the true model for AIC, KIC
and HQ decreases as n increases here.
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102
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Dimension

Omega
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KICc 

Fig. 2. Simulated �
(
d, �0

)
and average KIC and KICc curves, with m0 =4, q =2, �=0.6 and n=20 (multivariate

regression).

In Fig. 2, we plot the average values of KIC, KICc and � (d, �0) as a function of m.
When m < m0 the average symmetric Kullback–Leibler discrepancy (�) decreases rapidly;
it then increases for m > m0. Moreover, if m > m0 the average KICc curve closely follows
the simulated � (d, �0) curve, while KIC drastically underestimates E�0 (� (d, �0)).

Now, we examine both the signal-to-noise ratios and the probabilities of overfitting for
bivariate regression model. We consider sample sizes n = 20, 35, 50, q = 2 and m0 = 5.
The results are given in Table 4.

When n=20, KICc and AICc have a high signal-to-noise ratios, and their probabilities of
overfitting are almost zero. The other criteria have smaller signal-to-noise ratios and higher
probabilities of overfitting. However, the probabilities of overfitting for KICc and AICc
increase as the sample size increases, whereas they decrease for the other criteria.

4. Derivation of KICc for univariate autoregressive models

The univariate autoregressive model is one of the most popular for time series data. It
describes the present value as a linear combination of the past observations. In this section,
we outline KICc for the univariate autoregressive model and we derive its small sample
signal-to-noise ratio in this framework.

4.1. KICc for univariate autoregressive model

We first define the general autoregressive model of order p, denoted AR(p), as

yt = �1yt−1 + �2yt−2 + · · · + �pyt−p + �t ; t = p + 1, . . . , n, (17)

where �t i.i.d N
(
0, �2

)
, and y1, y2, . . . , yn are an observed series of data. However, although

we have n observations, because we use yt−p to model yt the effective series length is
T = n − p.
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Reducing the number of observations by p is just one of the possible methods for autore-
gressive modeling (see McQuarrie and Tsai, 1998, p. 90). Indeed, as explained in McQuarrie
and Tsai (1998, p. 90), when {yt } is a zero mean time series, Priestley (1981) suggests an
alternative method which consists of replacing past observations y0, y−1, . . . with 0. Box
and Jenkins (1976) suggest backcasting to estimate the past observations. Each of these
methods has its own merits; however, we prefer losing the first p observations primarily
because these other methods require extra assumptions, such as zero mean, stationarity, or
that the backcasted values are good estimates for y0, y−1, . . . .

For now, we assume that the candidate model is an AR(p) model. Moreover, we suppose
there is a finite true order p0, and we further assume the true AR (p0) model belongs to the
set of candidate models of orders 1 to P, where P �p0. Thus, we can form a regression
model from (17) by conditioning on the past and forming the design matrix X. The resulting
regression model takes the form

Y = X
 + �,

where Y=(yp+1, . . . , yn

)t , 
=(�1, . . . ,�p

)t , �=(�p+1, . . . , �n
)t and X is the (n−p)×p

design matrix assumed to be of full rank p with elements xij = yi−j for i = p + 1, . . . , n,
j=1, . . . , p. Since X is formed by conditioning on past values of Y, least squares estimation
of the parameters in this context is referred to as conditional least squares and is given by


̂ = (
XtX

)−1
XtY and �̂2 =

(
Y − X
̂

)t (
Y − X
̂

)/
T .

The derivation of the KICc criterion for univariate autoregressive models is similar to that
of multiple regression with the exception that the sample size for the autoregressive model
is a function of the order of the candidate models. Then, following the same proof of KICc
for multiple regression, we can show that the second term of (9) can be estimated by (p+1).

Furthermore, Hurvich and Tsai (1989) showed that T
(

ln �̂2 + 1
)
+2T (p+1)/(T −p−2)

is an approximately unbiased estimator of the first term of (9). Therefore, we obtain an
asymptotically unbiased estimator of the Kullback symmetric divergence defined in the
following proposition:

Proposition 4.1. The criterion defined by

KICc = T
(

ln �̂2 + 1
)

+ (p + 1)(3T − p − 2)

T − p − 2

is an asymptotically unbiased estimator of � (d, �0).

Other equivalent forms of this criterion are

KICc = KIC + 2(p + 1)(p + 2)

T − p − 2
,

KICc = AICc + (p + 1),
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where KIC=T
(

ln �̂2 + 1
)
+3(p+1) and AICc=T

(
ln �̂2 + 1

)
+(2T (p+1))/(T −p−2).

This KICc criterion has the same form as the KICc obtained in multiple regression with
n = T .

4.2. The signal-to-noise ratio and probability of overfitting

Following Eqs. (3A.6) and (3A.7) from McQuarrie and Tsai (1998, pp. 131–132) and
scaling the first two terms of KIC criterion by T =n−p, the signal-to-noise ratio of KIC is

E[�KIC]
Sd[�KIC] =

√
(n − 2p0 − 2L) (n − 2p0 + 2)√

4L

{
ln

(
1 − 2L

n − 2p0

)

− ln

(
1 − L

n − p0

)
− 2L

(n − 2p0 − 2L) (n − 2p0)

+ 3L(n + 1)

(n − p0 − L) (n − p0)

}
.

Similarly, the signal-to-noise ratio of KICc criterion is

E[�KICc]
Sd[�KICc] =

√
(n − 2p0 − 2L) (n − 2p0 + 2)√

4L

{
ln

(
1 − 2L

n − 2p0

)

− ln

(
1 − L

n − p0

)
− 2L

(n − 2p0 − 2L) (n − 2p0)

+ 2Ln

(n − 2p0 − 2L − 2) (n − 2p0 − 2)
+ L (p0 + 1)

(n − p0 − L) (n − p0)

}
.

Thus, the probability that KIC prefers the overfitting model (p0 + L) is defined by (its proof
is given in Appendix C)

P
(
KICp0+L < KICp0

)= P

{
F2L,n−2p0−2L >

n − 2p0 − 2L

2L

(
n − p0

n − p0 − L

× exp

(
3L(n + 1)

(n − p0 − L) (n − p0)

)
− 1

)}
.

Similarly, the probability that KICc prefers the overfitting model (p0 + L) is

P
(
KICcp0+L < KICcp0

)= P

{
F2L,n−2p0−2L >

n − 2p0 − 2L

2L

(
n − p0

n − p0 − L

× exp

(
2Ln

(n − 2p0 − 2L − 2) (n − 2p0 − 2)

+ L (p0 + 1)

(n − p0 − L) (n − p0)

)
− 1

)}
.
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As in the previous sections, the quantiles of the two criteria are not easy to compare ana-
lytically. We present a small numerical comparison of them in the next section.

4.3. Numerical illustrations

Now, we evaluate the performance of all criteria in a small sample, with SIC = T ln �̂2 +
(p+1) ln(T ) and HQ=T ln �̂2 +2(p+1) ln(ln(T )). We consider 1000 samples generated
from the second-order autoregressive model as in Hurvich and Tsai (1989)

yt = 0.994yt−1 − 0.8yt−2 + �0t .

We choose �2
0 =1 and two samples size n=23 and n=35 with the maximum order p=10.

Each vector Y of the 1000 samples was generated by starting at y−50 with yt = 0 for all
t <−50, but only observations y3, . . . , yn were retained for analysis. The row labeled 6–10,
in Table 5, corresponds to the totals of models selected by each criteria for the dimensions
6–10.

With n = 23 we see from the first entry in Table 5 that KICc performs best, followed by
SIC and AICc. These criteria do not exhibit the same tendency to overfit as AIC, KIC and
HQ do. When n = 35, SIC outperforms KICc, but the latter is still better than all the other
criteria. The tendency of all criteria to underestimate the correct dimension decreases and
is approximately equal to zero.

Now, we present the calculation of the probability of overfitting and the signal-to-noise
ratio for autoregressive models. We consider three sample sizes n = 15, n = 25 and n = 50.
The true order is fixed at p0 = 5, except for n = 15 where p0 = 2. Table 6 shows that our
results are similar to those obtained in the multiple and multivariate regression examples of
the preceding sections.

5. Conclusion

In this paper, we have derived and investigated the KICc criterion, based on Kullback’s
symmetric divergence, for model selection in univariate autoregressive models and in
multiple and multivariate regression models. Moreover, a large simulation study is un-
dertaken to compare the performance of our criterion to other well know criteria. Our
simulations show that KICc performs better in small samples and is asymptotically equiv-
alent to KIC. Also, our simulation studies show that among the efficient criteria stud-
ied (AIC, KIC, AICc), KICc performed best in multiple and multivariate regression.
For univariate autoregression, KICc was slightly outperformed by the consistent
criterion SIC.

The signal-to-noise ratio study indicated that when the sample size is small, KICc has
a greater signal-to-noise ratio, and its probability of overfitting is almost zero. In contrast,
KIC has a tendency to overfit, because it has a low signal-to-noise ratio, which leads to a
higher probability of overfitting.
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Appendix A.

Proof of Lemma 2.2. Consider the signal-to-noise ratio of KICc as a function of L

STNKICc(L) =
√

(n − p0 − L) (n − p0 + 2)√
2L

{
ln

(
n − p0 − L

n − p0

)

− L

(n − p0 − L) (n − p0)

+ 2L(n − 1)

(n − p0 − L − 2) (n − p0 − 2)
+ L

n

}
,

where 0 < p0 < n − 6, n�6 and 0 < L <
(

2
3

)
(n − p0). Using the signal-to-noise ratio of

AICc defined in McQuarrie and Tsai (1998, p. 27), we can write

STNKICc(L) = STNAICc(L) +
√

(n − p0 − L) (n − p0 + 2)√
2L

(
L

n

)
.

Since STN(L) is continuous in L, it is enough to show that its derivative with respect to L
is positive: indeed, we have

d

dL
STNKICc(L) = d

dL
STNAICc(L) +

√
n − p0 + 2 (2n − 2p0 − 3L)

n
√

2L (n − p0 − L)
.

Applying Theorem 2.1 from McQuarrie and Tsai (1998), (d/dL)STNAICc(L) > 0, and

since 0 < L <
(

2
3

)
(n − p0), then the second term is also positive. Hence, the signal-to-

noise increases as L increases.

Appendix B.

B.1. The probability of overfitting for multivariate regression

We will present detailed calculations for KIC criterion and the same method can be
used for KICc. Let SPEm = n
̂m. We know that KIC overfits if KICm0+L < KICm0 .
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Then the probability that KIC selected the overfitted model m0 + L is

P
(
KICm0+L < KICm0

)= P

{
ln
∣∣∣
̂m0+L

∣∣∣+ 3 ((m0 + L) q + 0.5q(q + 1))

n

< ln
∣∣∣
̂m0

∣∣∣+ 3 (m0q + 0.5q(q + 1))

n

}

= P

{
ln

∣∣SPEm0+L

∣∣∣∣SPEm0

∣∣ <
−3Lq

n

}
.

Or, we have (McQuarrie and Tsai, 1998, p. 182)

ln

(∣∣SPEm0+L

∣∣∣∣SPEm0

∣∣
)

∼
q∑

i=1

log −Beta

(
n − m0 − L − q + i

2
,
L

2

)
.

Then we have for KIC

P
(
KICm0+L < KICm0

)= P

{
n

q∑
i=1

ln

(
1 + 	2

L

	2
n−m0−L+i

)
> 3Lq

}
.

B.2. Proof of Lemma 3.2

Using the same proof of Lemma 2.2, and applying Theorem 4.1 from McQuarrie and
Tsai (1998), the result of Lemma 3.2 follows immediately.

B.3. Proof of Proposition 3.1

The log-likelihood of the candidate model is given by

ln f (Y | �) = −0.5nq ln 2� − 0.5n ln |
| − 0.5 tr{(Y − X�)
−1(Y − X�)t}.

The expectation of K
(
�0, �̂

)
has the form

� (d, �0) = E�0

{
D
(
�0, �̂

)}
+ E�0

{
D
(
�̂, �0

)
− D

(
�̂, �̂

)}
.

Now, we will compute the second term of this equation. Indeed, ignoring the constant term
in the log-likelihood, we obtain

D
(
�̂, �0

)
= E�

{
n ln |
0| + tr

{(
Y − X�0

)

−1

0

(
Y − X�0

)t}}∣∣∣
�=�̂

= n ln |
0| + E�

{
tr
{
(Y − X�)
−1

0 (Y − X�)t

+
−1
0

(
� − �0

)t (XtX
) (

� − �0
)}}∣∣∣

�=�̂

= n ln |
0| + n tr
(

−1

0 
̂
)

+ tr

{

−1

0

(
�̂ − �0

)t (
XtX

) (
�̂ − �0

)}
. (18)
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Similarly, we have

D
(
�̂, �̂

)
= E�

{
n ln |
| + tr

{
(Y − X�)
−1(Y − X�)t

}}∣∣∣
�=�̂

= n ln
∣∣∣
̂∣∣∣+ nq. (19)

The difference between (18) and (19) leads to

D
(
�̂, �0

)
− D

(
�̂, �̂

)
= − n ln

∣∣∣
̂∣∣∣
|
0| + n tr

(

−1

0 
̂
)

+ tr

{

−1

0

(
�̂ − �0

)t (
XtX

) (
�̂ − �0

)}
− nq.

It is well known that n
̂ ∼ Wishartq (n − m, 
0), then E�0

(
n
̂
)
=(n−m)
0 (cf. Muirhead,

1982, p. 137) and

E�0

(
n tr

(

−1

0 
̂
))

= tr
{

E�0

(
n
−1

0 
̂
)}

= (n − m)q.

Furthermore, vec
(
�̂
)

∼ Npm

(
vec(�), 
0 ⊗ (

XtX
)−1

)
, where vec(�) is the qm × 1 vector

obtained by stacking the columns of � and ⊗ is the Kronecker product. This yields

E�0

{
tr

{

−1

0

(
�̂ − �0

)t (
XtX

) (
�̂ − �0

)}}

= tr

{
E�0

{

−1

0

(
�̂ − �0

)t (
XtX

) (
�̂ − �0

)}}

= E�0

{
vec
(
�̂ − �0

)t {

−1

0 ⊗ (
XtX

)}
vec

(
�̂ − �0

)}

= qm,

which leads to

E�0

{
D
(
�̂, �0

)
− D

(
�̂, �̂

)}
= −E�0

⎧⎨
⎩n ln

∣∣∣
̂∣∣∣
|
0|

⎫⎬
⎭ . (20)

We have

n ln

∣∣∣n
̂
∣∣∣

|
0| = nq ln n + n ln

∣∣∣
̂∣∣∣
|
0| . (21)
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Next, from Muirhead (1982, p. 100), we know that
∣∣∣n
̂

∣∣∣/ |
0| has the same distribution

as
∏q

i=1 	2
(n−m−i+1), where the 	2

(n−m−i+1) denotes the independent 	2 random variables
with (n − m − i + 1) degrees of freedom . Then

E�0

⎧⎨
⎩n ln

∣∣∣n
̂
∣∣∣

|
0|

⎫⎬
⎭= E�0

{
n ln

q∏
i=1

	2
(n−m−i+1)

}

= E�0

{
n

q∑
i=1

ln 	2
(n−m−i+1)

}
. (22)

Taking a second order expansion of ln 	2
df about its degrees of freedom df and evaluating

the expectation of the result, we obtain (Bickel and Doksum, 1977, p. 310)

E
{

ln 	2
df

}
= lndf − 1/df + O

(
1/df2

)
.

Substituting this relation into (22) yields

E�0

{
n

q∑
i=1

ln 	2
(n−m−i+1)

}
= n

q∑
i=1

{
ln(n − m − i + 1) − 1

n − m − i + 1

+O

(
1

(n − m − i + 1)2

)}
. (23)

Now, taking a first order expansion of ln(n − m − i + 1) about n for i = 1, . . . , q, it leaves

ln(n − m − i + 1) = ln n + 1 − m − i

n
+ O

(
1 − m − i

n

)2

.

Substituting this equation into (23) yields

E�0

{
n

q∑
i=1

ln 	2
(n−m−i+1)

}

= nq ln n +
q∑

i=1

(1 − m − i) −
q∑

i=1

n

n − m − i + 1
(24)

+
q∑

i=1

{
O

(
n

(n − m − i + 1)2

)
+ O

(
(1 − m − i)2

n

)}
. (25)

As n → ∞ and holding m constant, each of the two terms in (25), is asymptotically o(1)

for each i. However, each of these terms is also o(1) when m is allowed to grow at a rate less
than

√
n when n → ∞. Thus, when n → ∞ the last term on the right of (24) converges to

q, and since
∑q

i=1 (1 − m − i) = q − (qm + 0.5q(q + 1)) we establish that

E�0

{
n

q∑
i=1

ln 	2
(n−m−i+1)

}
= nq ln n − (qm + 0.5q(q + 1)) + o(1).
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Substituting this equation into (22), and using (21) and (20) we get

E�0

{
D
(
�̂, �0

)
− D

(
�̂, �̂

)}
= (qm + 0.5q(q + 1)) + o(1). (26)

To evaluate the first term of (9), we use the result of Bedrick and Tsai (1994) which estab-
lishes that an exact estimator of (8) is given by

AICc = n
(

ln
∣∣∣
̂∣∣∣)+ q) + 2nd

(n − (m + q + 1))
,

where d = qm + 0.5q(q + 1). Now, from this result and (26), we obtain an asymptotically
unbiased estimator of (9) given in the Proposition 3.1. �

Appendix C.

In this appendix, we give the detailed calculations for the probability of overfitting for
KIC in the autoregressive context. Scaling the first two terms of the KIC criterion, defined
in Section 4, by T = n − p, we then obtain

KIC =
(

ln �̂2 + 1
)

+ 3(p + 1)

n − p
.

Let SSEp = T �̂2. Using equations (3A.6) from McQuarrie and Tsai (1998, pp. 131–132),
the probability that KIC selected the overfitted model p0 + L is

P
(
KICp0+L < KICp0

)= P

{
ln �̂2

p0+L + 3 (p0 + L + 1)

n − p0 − L
< ln �̂2

p0
+ 3 (p0 + 1)

n − p0

}

= P

{
ln

SSEp0+L

SSEp0

<
−3L(n + 1)

(n − p0 − L) (n − p0)

+ ln

(
1 − L

n − p0

)}

= P

{
SSEp0

SSEp0+L

− 1 >
n − p0

n − p0 − L

× exp

(
3L(n + 1)

(n − p0 − L) (n − p0)

)
− 1

}

= P

{
SSEp0 − SSEp0+L

SSEp0+L

>
n − p0

n − p0 − L

× exp

(
3L(n + 1)

(n − p0 − L) (n − p0)

)
− 1

}
.
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Since SSEp ∼ �2
0	

2
T −p and is independent of SSEp − SSEp+L then SSEp − SSEp+L ∼

�2
0	

2
2L. So

P
(
KICp0+L < KICp0

)
= P

{
	2

2L

	2
n−2p0−2L

>
n − p0

n − p0 − L
exp

(
3L(n + 1)

(n − p0 − L) (n − p0)

)
− 1

}

= P

{
F2L,n−2p0−2L >

n − 2p0 − 2L

2L

×
(

n − p0

n − p0 − L
exp

(
3L(n + 1)

(n − p0 − L) (n − p0)

)
− 1

)}
.

Now, following a similar method, we can deduce the probability of overfitting for KICc.
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