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Abstract

In this note, we propose a small-sample criterion KICc for selecting vector autoregressive models. KICc is an

approximately unbiased estimator of the expected Kullback’s symmetric divergence. A simulation study shows that KICc

provides better model order choices than the KIC criterion in small samples.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The Kullback information criterion, KIC (Cavanaugh, 1999), is a variant of the Akaike information
criterion, AIC (Akaike, 1973). It was designed as an asymptotically unbiased estimator of Kullback’s
symmetric divergence.

Although, both two criteria have proven to be widely applicable, it can have serious deficiencies especially
for small-sample or when the number of fitted parameters is a moderate to large fraction of the sample size. In
this setting, Hurvich and Tsai (1989) proposed a corrected Akaike information criterion, AICc, for linear and
non-linear regression and autoregressive modeling. This corrected criterion has been extended in a large
framework, including autoregressive moving average modeling (Hurvich et al., 1990), vector autoregressive
modeling (Hurvich and Tsai, 1993), and multivariate regression modeling (Bedrick and Tsai, 1994). Recently,
Cavanaugh (2004) proposed a corrected Kullback’s information criterion (KICc) for linear model and Hafidi
and Mkhadri (2006) proposed a corrected KICc for multiple and multivariate regression and univariate
autoregressive (AR) modeling.

The vector AR model, is one of the most common and straightforward methods for modeling multivariate
time series data. For vector AR models the potential for overfitting, and hence the potential usefulness of
KICc, would seem to be even greater than in the univariate case. The reason is that the vector AR models
contain many more unknown parameters than the corresponding univariate AR models. In this note, we
derive and investigate a version of KICc for vector AR models selection.
e front matter r 2006 Elsevier B.V. All rights reserved.
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In Section 2, we develop KICc for vector AR models. We present simulation results in Section 3. We end
this note with a small conclusion in Section 4.
2. KICc for vector autoregressive models

Suppose that the candidate model for vector AR of order p, denoted ARðpÞ, is given by

Zt ¼ f1Zt�1 þ f2Zt�2 þ � � � þ fpZt�p þ �t; t ¼ 1; . . . ; n, (1)

where �t i.i.d. Nð0;SÞ, Zt ¼ ðz1t; . . . ; zmtÞ is a m� 1 observed vector at times t ¼ 1; . . . ; n and the Fj ðj ¼

1; . . . ; pÞ are m�m matrices of unknown parameters.
Define the observation matrix Y as Y ¼ ðZ1; . . . ;ZnÞ

t, where ‘‘t’’ stands for the transpose. Thus, we can
form a regression model from (1) by conditioning on the past and forming the design matrix, X, where X is of
full rank pm. The resulting regression model takes the form

Y ¼ Xbþ �,

where b ¼ ðf1; . . . ;fpÞ
t, � ¼ ð�1; . . . ; �nÞ

t and the row of X have the following structure

X t ¼ ðZt�1; . . . ;Zt�pÞ
t.

The conditional least squares estimation of parameters are given as

b̂ ¼ ðXtXÞ�1XtY and ŝ2 ¼ ðY� Xb̂ÞtðY� Xb̂Þ=n.

The true model of vector ARðp0Þ has the following form:

Y ¼ X0F0 þ �0,

where Y ¼ ðZ1; . . . ;ZnÞ, F0 ¼ ðf1; . . . ;fp0
Þ
t, �0 ¼ ð�1; . . . ; �nÞ

t, where the �t for t ¼ 1; . . . ; n are independent
identically distributed normal random variables with mean vector zero and matrix covariance S0, and the row
of X0 have the following structure:

X 0t ¼ ðZt�1; . . . ;Zt�p0 Þ
t

for t ¼ 1; . . . ; n. For simplicity, we assume that all pre-sample values are zero, i.e. Z0 ¼ Z�1 ¼ � � � ¼ 0: The
same assumption is made by Akaike (1969) and a more detailed discussion is given in Priestley (1981, p. 375).
Also, we assume that the candidate class of models includes the true model. This strong assumption is also
used in the derivation of KIC criterion (Cavanaugh, 1999) and AIC criterion (Linhart and Zucchini, 1986).
Under this assumption the columns of X can be rearranged so that X0b0 ¼ Xb%, where b%

¼ ðbt0; 0
tÞ
t and 0 is

the ðp� p0Þm�m matrix of zeros.
Let y0 the true parameter vector which is unknown and y the parameter vector of the candidate model, so

that f ðYjy0Þ and f ðYjyÞ represent the generating and candidate densities for data, respectively. With the
previous notations, the parameter vectors y and y0 for the candidate and the true models are ðb;SÞt and
ðb0;S0Þ

t, respectively.
A measure of separation between the generating and a candidate model is given by the Kullback’s

symmetric divergence (Kullback, 1968), defined by

Jðy0; yÞ ¼ fDðy0; yÞ �Dðy0; y0Þg þ fDðy; y0Þ �Dðy; yÞg, (2)

where Dðy0; yÞ ¼ Ey0f�2 ln f ðYjyÞg and Ey0 denotes the expectation under f ðYjy0Þ. Since Dðy0; y0Þ does not
depend on y, for the purpose of discriminating among various models we propose

Kðy0; yÞ ¼ Dðy0; yÞ þ fDðy; y0Þ �Dðy; yÞg, (3)

as a substitute for Jðy0; yÞ. However, Cavanaugh (1999) showed that the criterion defined by

KIC ¼ nðln jŜj þmÞ þ 3d (4)
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is an asymptotically unbiased estimator of

Oðd; y0Þ ¼ Ey0fKðy0; ŷÞg ð5Þ

¼ Ey0fDðy0; ŷÞg þ Ey0fDðŷ; y0Þ �Dðŷ; ŷÞg, ð6Þ

where d ¼ pm2 þ 0:5mðmþ 1Þ is a number of unknown parameter.
Now, Hurvich and Tsai (1993) established that the criterion defined by

AICc ¼ nðln jŜj þmÞ þ
2dn

n� pm� p� 1
(7)

is an approximately unbiased estimator of the first term of (6). Then, using the last result, we obtain an
asymptotically unbiased estimator of the Kullback symmetric divergence defined in the following proposition.

Proposition. The criterion defined by

KICc ¼ nðln jŜj þmÞ þ
dð3n� pm� p� 1Þ

n� pm� p� 1
,

is an asymptotically unbiased estimator of Oðd; y0Þ.

Proof. The log-likelihood for the candidate model, ignoring the constant terms, is given by

ln f ðYjyÞ ¼ �0:5n ln jSj � 0:5 trfðY� XbÞS�1ðY� XbÞtg,

where ‘‘tr’’ stands for trace. The expectation of Kðy0; ŷÞ has the form

Oðd; y0Þ ¼ Ey0fDðy0; ŷÞg þ Ey0fDðŷ; y0Þ �Dðŷ; ŷÞg.

Now, we will compute the second term of this equation. Indeed, we have

Dðŷ; y0Þ ¼ Eyfn ln jS0j þ trfðY� Xb0ÞS
�1
0 ðY� Xb0Þ

t
ggjy¼ŷ

¼ n ln jS0j þ EyftrfðY� XbÞS�10 ðY� XbÞt þ S�10 ðb� b0Þ
t
ðXtXÞðb� b0Þggjy¼ŷ

¼ n ln jS0j þ n trðS�10 ŜÞ þ trfS�10 ðb̂� b0Þ
t
ðXtXÞðb̂� b0Þg. ð8Þ

Similarly, we have

Dðŷ; ŷÞ ¼ Eyfn ln jSj þ trfðY� XbÞS�1ðY� XbÞtggjy¼ŷ
¼ n ln jŜj þ nm ð9Þ

The difference between (8) and (9) leads to

Dðŷ; y0Þ �Dðŷ; ŷÞ ¼ �n ln
jŜj
jS0j
þ n trðS�10 ŜÞ þ trfS�10 ðb̂� b0Þ

t
ðXtXÞðb̂� b0Þg � nm.

It is well known that nŜ�Wishartpðn� pm;S0Þ, then Ey0 ðnŜÞ ¼ ðn� pmÞS0 (cf. Muirhead, 1982, p. 137) and

Ey0 ðn trðS
�1
0 ŜÞÞ ¼ trfEy0 ðnS

�1
0 ŜÞg

¼ ðn� pmÞm.

Furthermore, vecðb̂Þ�Npm2 ðvecðbÞ;S0 � ðX
tXÞ�1Þ, where vecðbÞ is the pm2 � 1 vector obtained by stacking the

columns of b and � is the Kronecker product. It yields

Ey0ftrfS
�1
0 ðb̂� b0Þ

t
ðXtXÞðb̂� b0Þgg ¼ trfEy0fS

�1
0 ðb̂� b0Þ

t
ðXtXÞðb̂� b0Þgg

¼ Ey0fvecðb̂� b0Þ
t
fS�10 � ðX

tXÞgvecðb̂� b0Þg

¼ pm2
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which leads to

Ey0fDðŷ; y0Þ �Dðŷ; ŷÞg ¼ �Ey0 n ln
jŜj
jS0j

( )
. (10)

Moreover, we have

n ln
jnŜj
jS0j
¼ nm ln nþ n ln

jŜj
jS0j

. (11)

From Muirhead (1982, p. 100), it is well known that jnŜj=jS0j has the same distribution as
Qm

i¼1 w
2
ðn�pm�iþ1Þ,

where the w2ðn�pm�iþ1Þ denotes the independent w
2 random variables with ðn� pm� i þ 1Þ degrees of freedom.

Then

Ey0 n ln
jnŜj
jS0j

( )
¼ Ey0 n ln

Ym
i¼1

w2ðn�pm�iþ1Þ

( )
¼ Ey0 n

Xm

i¼1

ln w2ðn�pm�iþ1Þ

( )
. (12)

Taking a second order expansion of ln w2df about its degrees of freedom df and evaluating the expectation of the
result, we obtain (Bickel and Doksum, 1977, p. 310)

Efln w2dfg ¼ ln df � 1=df þOð1=df 2
Þ.

Substituting this relation into (12) yields

Ey0 n
Xm

i¼1

ln w2ðn�pm�iþ1Þ

( )
¼ n

Xm

i¼1

lnðn� pm� i þ 1Þ �
1

n� pm� i þ 1

�

þO
1

ðn� pm� i þ 1Þ2

� ��
. ð13Þ

Now, taking a first order expansion of lnðn� pm� i þ 1Þ about n for i ¼ 1; . . . ;m, it leaves

lnðn� pm� i þ 1Þ ¼ ln nþ
1� pm� i

n
þO

1� pm� i

n

� �2

.

Substituting this equation into (13) yields

Ey0 n
Xm

i¼1

ln w2ðn�pm�iþ1Þ

( )
¼ nm ln nþ

Xm

i¼1

ð1� pm� iÞ �
Xm

i¼1

n

n� pm� i þ 1
ð14Þ

þ
Xm

i¼1

O
n

ðn� pm� i þ 1Þ2

� �
þO

ð1� pm� iÞ2

n

� �� �
. ð15Þ

As n!1 and when pm is held constant, each of the two terms in (15) for each i is asymptotically oð1Þ.
However, each of these terms is also oð1Þ when pm is allowed to grow at a rate less than

ffiffiffi
n
p

when n!1.
Thus, when n!1 the last term on the right of (14) converge to m, and since

Pm
i¼1 ð1� pm� iÞ ¼

m� ðpm2 þ 0:5mðmþ 1ÞÞ we establish that

Ey0 n
Xm

i¼1

ln w2ðn�pm�iþ1Þ

( )
¼ nm ln n� ðpm2 þ 0:5mðmþ 1ÞÞ þ oð1Þ.

Substituting this equation into (12), and using (11) and (10) we get

Ey0fDðŷ; y0Þ �Dðŷ; ŷÞg ¼ ðpm2 þ 0:5mðmþ 1ÞÞ þ oð1Þ. (16)
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According to (7), and substituting (16) in the second term of (6), we obtain the estimator of OYðd; y0Þ given in
the proposition. &

3. Monte Carlo results

In this section, we evaluate the performance of our criterion against KIC, AIC, AICc, SIC (Schwarz, 1978)
and HQ (Hannan and Quinn, 1979) criteria in a small-sample for the selection of bivariate vector AR models.
We present some examples of simulation in which the data are generated by different manners, from each of
two models: a vector AR(1) and a vector AR(2). One thousand sample of size n ¼ 20; 30 and 40 are generated
from model(1), with zero mean, m ¼ 2 and the maximum order p ¼ 6 and p ¼ 8.

In the first example, the data are generated using a vector AR(1) with

S0 ¼
1 0

0 1

� �
; F1 ¼

�1:0 0:96

�1:5 1:4

� �
.

The AR(2) model, used in the second example, is based on

S0 ¼
1 �0:08

�0:08 1

� �
; F1 ¼

�1:0 0:96

�1:5 1:4

� �
; F2 ¼

�0:5 0:3

0:0 �0:4

� �
.

In the third example, the components of AR (2) are fixed as

S0 ¼
2 1:4

1:4 1

� �
; F1 ¼

�0:2 0:1

0:5 0:2

� �
; F2 ¼

0:8 0:7

�0:4 0:6

� �
.

Each matrix Y of the 1000 samples was generated by starting at y�50 with yt ¼ 0 for all to� 50. But only
observations y1; . . . ; yn were kept.

Tables 1–3 give the frequency of the orders selected by each of the criteria AIC, AICc, KIC, KICc, SIC and
HQ, for the AR(1) and AR(2) models, with

SIC ¼ n ln jŜj þ d lnðnÞ and HQ ¼ n ln jŜj þ 2d lnðlnðnÞÞ.

We see from Table 1 that for n ¼ 20, the KICc criterion performs well than the other criteria, except for the
AICc which yields almost the same results as KICc. Moreover, the other criteria have a tendency to overfit the
true model. When the sample size increase, all the criteria perform well, but KICc and SIC provide the best
selection of p. The tendency to overfit the true model for KIC, AIC, SIC and HQ decreases as n increases here.

In the second example (Table 2), we consider p ¼ 8. For n ¼ 20, KICc and AICc perform better than all
other criteria, which exhibit a strong tendency to overfit the true model. On the other hand, when n increases,
the tendency to overfit for all other criteria decreases, but KICc provides the best selection of p.

Other examples of simulation where p ¼ 10; 12, not reported here, give the same results as in the second
example. In the third example (Table 3), SIC is the best, followed by KICc and AICc which perform similarly
at selecting the correct model order, although KICc exhibits substantially less underfitting than AICc.
Table 1

Selected dimensions for vector autoregressive model AR(1), example 1

Selected dimensions

n ¼ 20 n ¼ 30 n ¼ 40

p KICc KIC AIC AICc SIC HQ KICc KIC AIC AICc SIC HQ KICc KIC AIC AICc SIC HQ

1 998 937 621 991 937 715 992 964 794 968 981 905 990 976 829 953 991 945

2 2 24 85 9 24 70 7 23 87 25 10 56 9 21 89 41 8 43

3 0 10 32 0 10 27 1 8 34 6 5 17 1 3 32 6 1 9

4 0 3 30 0 3 22 0 3 28 1 2 11 0 0 23 0 0 2

5 0 8 57 0 8 46 0 0 30 0 0 6 0 0 12 0 0 1

6 0 18 175 0 18 120 0 2 27 0 2 5 0 0 15 0 0 0



ARTICLE IN PRESS

Table 2

Selected dimensions for vector autoregressive model AR(2), example 2

Selected dimensions

n ¼ 20 n ¼ 30 n ¼ 40

p KICc KIC AIC AICc SIC HQ KICc KIC AIC AICc SIC HQ KICc KIC AIC AICc SIC HQ

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 998 595 159 995 593 223 997 930 637 979 966 823 993 965 763 971 989 926

3 2 30 24 5 30 26 3 41 96 19 24 73 7 24 79 23 10 47

4 0 13 16 0 13 15 0 13 45 1 5 32 0 9 48 6 1 15

5 0 8 19 0 8 18 0 3 41 1 2 15 0 2 30 0 0 5

6 0 24 25 0 24 27 0 1 31 0 0 13 0 0 30 0 0 2

7 0 37 87 0 36 83 0 0 52 0 0 12 0 0 30 0 0 2

8 0 293 670 0 296 608 0 12 98 0 3 32 0 0 28 0 0 3

Table 3

Selected dimensions for vector autoregressive model AR(2), example 3

Selected dimensions

AR(2), n ¼ 40

p KICc KIC AIC AICc SIC HQ

1 32 18 2 13 28 7

2 964 938 762 964 985 906

3 4 32 112 22 13 54

4 0 7 54 0 0 15

5 0 4 32 1 1 12

6 0 1 38 0 0 6

1 2 3 4 5 6
50

100

150

200

250

Omega
KIC
KICc

Fig. 1. Simulated Oðd; y0Þ and average KIC and KICc curves of a bivariate AR(1).
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In both AR(1) and AR(2) and for small sample sizes, KICc performs well than KIC criterion which has a
tendency to overfit greater than KICc.

Figs. 1 and 2 give some insights on KICc’s success relative to KIC. We plotted the average values of KIC,
KICc and Oðd; y0Þ as function of p for AR(1) with n ¼ 20 and AR(2) (Example 3).
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Fig. 2. Simulated Oðd ; y0Þ and average KIC and KICc curves of a bivariate AR(2).
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For the AR(1) (Fig. 1), we see that KICc exhibits less bias overall. While KIC exhibits a negative bias for all
model orders, and this bias becomes more severe as the model order increases.

For the AR(2) (Fig. 2), we state that the curve of the average values of KICc, as well as O, have a clearly
defined minimum at the true order p ¼ 2, and closely follows the simulated Oðd; y0Þ curve. The average value
of KIC is also minimized at p ¼ 2, but the minimum is not sharply defined.

4. Conclusion

In this note, we have derived and investigated the KICc criterion, based on Kullback’s symmetric
divergence, for model selection in vector autoregressive models. Moreover, a small simulation study is
undertaken to compare the performance of our criterion to other well known criteria. Our simulations indicate
that KICc performs better in small samples and is asymptotically equivalent to KIC. Also, our simulation
studies show that among the efficient criteria studied (AIC, KIC, AICc), KICc is the best performed. Whereas,
KICc was slightly outperformed by the consistent criterion SIC. Unlike multivariate regression, parameters
counts increase more rapidly in vector autoregressive models. Indeed, in vector autoregressive models of order
p (AR(p)), the parameters increase by m2 when the order increases by 1, potentially a very large number. In
multivariate regression with rankðXÞ ¼ p, we had n� p degrees of freedom. Whereas in a vector AR model of
the same order, we are reduced to n� p� pm degrees of freedom. This means that the probabilities of
overfitting are much smaller for vector AR.
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