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Abstract. We show that each of the Artin groups of type Bn and Dn can be presented as a
semidirect product F zBn, where F is a free group and Bn is the n-string braid group. We
explain how these semidirect product structures arise quite naturally from fibrations, and
observe that, in each case, the action of the braid group Bn on the free group F is classical.
We prove that, for each of the semidirect products, the group of automorphisms which
leave invariant the normal subgroup F is small: namely, OutðAðBnÞ;FÞ has order 2, and
OutðAðDnÞ;FÞ has order 4 if n is even and 2 if n is odd. It is known that the Artin group of type
Dn may be viewed as an index 2 subgroup of the n-string braid group over a disk with a degree
2 orbifold point. We show that this orbifold braid group has outer automorphism group of
order 2, for all nd 2.
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1 Introduction

Let S be a finite set. A Coxeter matrix over S is a matrix M ¼ ðma bÞa;b AS indexed by
the elements of S such that ma a ¼ 1 for all a A S, and ma b ¼ mb a A f2; 3; 4; . . . ;þyg
for all a; b A S, a0 b. A Coxeter matrix M ¼ ðma bÞ is usually represented by its
Coxeter graph, G. This (labelled) graph is defined as follows: the set S is identified
with the set of vertices of G, and two vertices a, b are joined by an edge in G if
ma b d 3, the edge being labelled by ma b if ma b d 4. For a; b A S and m A Zd2 we
denote by wða; b : mÞ the word aba . . . of length m. Define the Artin group of type G
to be the (abstract) group AðGÞ presented by

AðGÞ ¼ hS jwða; b : ma bÞ ¼ wðb; a : ma bÞ for a0 b and ma b < þyi:

The Coxeter group WðGÞ of type G is the quotient of AðGÞ by the relations a2 ¼ 1,
a A S. The cardinal of S is called the rank of AðGÞ. We say that AðGÞ is of spher-
ical type if WðGÞ is finite, and that AðGÞ is irreducible if G is connected. Note
that, if G1;G2; . . . ;Gl are the connected components of G, then AðGÞ ¼ AðG1Þ�
AðG2Þ � � � � � AðGlÞ. If G is the graph An�1 shown in Figure 1, then AðGÞ ¼ AðAn�1Þ
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is the Artin braid group on n strings, which we shall also denote by Bn, and S ¼
fa1; . . . ; an�1g is the set of standard generators of Bn. Moreover, the group WðAn�1Þ
is the symmetric group on f1; . . . ; ng, which we shall also denote by Sn, and the ai
correspond in this group to the transpositions ði; i þ 1Þ, i ¼ 1; . . . ; n� 1.

Artin groups, also called generalized braid groups, were first introduced by Tits [25]
as extensions of Coxeter groups. Later, Brieskorn [7] gave a topological interpreta-
tion of the Artin groups of spherical type in terms of regular orbit spaces as follows.
Define a finite reflection group to be a finite subgroup W of Oðn;RÞ generated by
reflections, where n is some positive integer. A classical result due to Coxeter [14], [15]
states that W is a finite reflection group if and only if W is a finite Coxeter group.
Assume this is the case. Let AðGÞ be the set of reflecting hyperplanes of W ¼ WðGÞ,
and, for H A AðGÞ, let HC denote the hyperplane of Cn having the same equation as
H. Let

MðGÞ ¼ Cn

��
6

H AAðGÞ
HC

�
:

Then MðGÞ is a connected submanifold of Cn, the group WðGÞ acts freely on MðGÞ,
and the quotient NðGÞ ¼ MðGÞ=WðGÞ is isomorphic to the complement in Cn of
an algebraic variety called discriminant variety of type G. Now, by a theorem of
Brieskorn [7], the fundamental group of NðGÞ is isomorphic to the Artin group AðGÞ.
In the case G ¼ An�1, WðAn�1Þ ¼ Sn acts on Rn by permuting the coordinates, the
reflections in Sn are exactly the transpositions, and NðAn�1Þ is the space of config-
urations of n (unordered) points in C, whose fundamental group is well-known to be
the braid group Bn.

Since the work of Brieskorn and Saito [9] and that of Deligne [17], the combina-
torial theory of Artin groups of spherical type has been well studied. In particular,
these groups are known to be biautomatic (see [10], [11]). The finite irreducible Cox-
eter groups, and therefore the irreducible Artin groups of spherical type, were clas-
sified by Coxeter [15]. These consist of the three infinite families of Coxeter groups
defined by the Coxeter graphs An, Bn and Dn of Figure 1, the dihedral groups of
order 2m for md 3, associated to the Artin groups of rank 2 (with ma b ¼ mb a ¼
m0þy), as well as the 6 so-called sporadic reflection groups.

Figure 1. Coxeter graphs of type An, Bn and Dn.
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In this paper, for each of the Artin groups of type Bn and Dn we present semidirect
product structures F zBn, where F is a free group and Bn is the n-string braid
group. We explain how these structures arise quite naturally from fibrations of the
regular orbits spaces NðBnÞ and NðDnÞ based on NðAn�1Þ. Moreover, we observe
that, in each case, the action of the braid group Bn on the free group F is classical:
for type Bn it is Artin’s representation [2, 4], and for type Dn it comes from the
monodromy action on the Milnor fibre of the singularity of type An�1 (see Perron–
Vannier [24]).

The automorphism groups of the (spherical type) Artin groups are just beginning
to be explored. Artin’s 1947 paper [3] was motivated by the problem of determining
the automorphism groups of the braid groups (it is explicit in the introduction).
However, the problem itself was solved only 37 years later by Dyer and Grossman
[18] who proved that the outer automorphism group of the braid group Bn is of order
2 generated by the automorphism which sends each standard generator to its inverse.
Until now, except for the braid groups, the only known significant result on the au-
tomorphism groups of (spherical type) Artin groups is an extension of Artin’s results
of [3] to all irreducible Artin groups of spherical type (see [13]). In this paper we
prove that, for each of the above semidirect products, the group of automorphisms
which leave invariant the normal subgroup F is small: namely OutðAðBnÞ;FÞ has
order 2 (see Theorem 4.2), and OutðAðDnÞ;F Þ has order 4 if n is even, and 2 if n is
odd (see Theorem 4.9). It is an open question as to whether, in either the Bn or the Dn

case, the free subgroup F is a characteristic subgroup of the Artin group.
The Artin group of type Dn may be viewed as an index 2 subgroup of the n-string

braid group over an orbifold (namely the complex plane with a single orbifold point
of degree 2, see Allcock [1]). This latter group can be presented as a semidirect
product KzBn, where K is the free product of n copies of C2 ¼ fG1g, and it shall
play a major role in our study of the Artin groups of type Dn. We also show in the
paper that the outer automorphism group of this group is of order 2.

Finally we remark that the automorphism groups of the spherical type Artin
groups of rank 2 are known, by work of N. D. Gilbert, J. Howie, V. Metaftsis and
E. Raptis [20]. These groups have presentation A ¼ ha; b jwða; b : mÞ ¼ wðb; a : mÞi,
where md 2. The outer automorphism group OutðAÞ is of order 2 if m is odd (The-
orem C [20]) and is isomorphic to ðZzC2Þ � C2 if m is even (Theorem D [20]). In
particular, this shows that the automorphism group of a spherical type Artin group
need not be finite.

2 The semidirect product structures

We number the vertices of the Coxeter graphs of type An, Bn and Dn as shown in
Figure 1. The standard generators of AðAnÞ will be written a1; a2; . . . ; an, the stan-
dard generators of AðBnÞ will be written b1; b2; . . . ; bn, and the standard generators
of AðDnÞ will be written d1; d2; . . . ; dn. For the rest of the article we shall identify
AðAn�1Þ with the classical n-string braid group Bn in the usual fashion. This will
simplify notation throughout, and be a constant reminder of the special role played
by the braid group Bn in this story.
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2.1 Definition of pB, pD, sB, and sD. We wish to study the epimorphisms
pB : AðBnÞ ! Bn and pD : AðDnÞ ! Bn defined by

pBðb1Þ ¼ 1; pBðbiÞ ¼ ai�1 for i ¼ 2; 3; . . . ; n:

pDðd1Þ ¼ pDðd2Þ ¼ a1; pDðdiÞ ¼ ai�1 for i ¼ 3; . . . ; n:

The epimorphism pB : AðBnÞ ! Bn admits a section sB : Bn ! AðBnÞ defined by

sBðaiÞ ¼ biþ1 for i ¼ 1; 2; . . . ; n� 1:

In particular, AðBnÞ may be written as a semidirect product AðBnÞ ¼ ker pB zBn.
In a similar fashion, the epimorphism pD : AðDnÞ ! Bn admits a section

sD : Bn ! AðDnÞ defined by

sDðaiÞ ¼ diþ1 for i ¼ 1; 2; . . . ; n� 1:

and AðDnÞ may be written as a semidirect product AðDnÞ ¼ ker pD zBn.

We now describe how each of these semidirect products arise from a topologically
defined faithful action of the braid group Bn on a free group. Both of the repre-
sentations involved are classical. The first is quite famous and due to Artin [2]. The
second arises from the monodromy action of the n-string braid group on the Milnor
fibre of the singularity of type An�1, and was shown to be faithful by Perron and
Vannier [24].

We recall the definition of a Dehn twist homeomorphism tc : S ! S on a simple
closed curve c in a surface S. Let A denote an annular neighbourhood of c. Then tc
is any homeomorphism isotopic to one which is the identity on SnintðAÞ and trans-
forms the interior of A as shown in Figure 2. If c bounds a disk in S and a, b are
points on c which are interchanged by tc, then tc induces what we shall call a braid

twist homeomorphism sc of the punctured surface Snfa; bg. This homeomorphism
exchanges (neighbourhoods of ) the two punctures, as shown in Figure 2.

2.2 Artin’s representation. Let SB denote the surface of Figure 3, namely Cnf1; 2;
3; . . . ; ng, and, for each i ¼ 1; . . . ; n� 1, let si denote the braid twist homeomorphism
on the curve ci illustrated in Figure 3. Take the origin 0 A C as a basepoint and define
loops gi at 0 for i ¼ 1; . . . ; n, as shown in the figure. Then p1ðSB; 0Þ ¼ Fn is freely
generated by the elements ui ¼ ½gi�. Artin’s representation rB : Bn ! AutðFnÞ is de-
fined by rBðaiÞ ¼ ðsiÞ�, for i ¼ 1; 2; . . . ; n� 1.

Proposition 2.1. (1) Let Fn denote the free group on n generators u1; u2; . . . ; un. Then
Artin’s representation rB : Bn ! AutðFnÞ is well-defined and given algebraically by

rBðaiÞ :
ui 7! uiþ1

uiþ1 7! u�1
iþ1uiuiþ1

uj 7! uj j B fi; i þ 1g:

8<
:
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(2) We have AðBnÞGFn zrB Bn, where the projection onto the second factor is pB
and the section Bn ,! Fn zBn is just sB. In particular, ker pB is a free group of rank n.

Proof. Part (1) is well-known and due to Artin [2]. It is easily enough checked that
this algebraic formulation gives a well-defined representation and corresponds to the
topological description given above after identifying Fn with p1SB via ui ¼ ½gi� for
i ¼ 1; 2; . . . ; n. We concern ourselves with Part (2) of the proposition.

Let j : fb1; . . . ; bng ! Fn zBn be the function defined by jðb1Þ ¼ u1 and
jðbiÞ ¼ ai�1 for i ¼ 2; . . . ; n. It is easily verified that j extends to a homomorphism
j : AðBnÞ ! Fn zBn.

Let c : fu1; . . . ; ungU fa1; . . . ; an�1g ! AðBnÞ be defined by

cðuiÞ ¼ bibi�1 . . . b2b1b
�1
2 . . . b�1

i�1b
�1
i for i ¼ 1; . . . ; n:

cðaiÞ ¼ biþ1 for i ¼ 1; . . . ; n� 1:

Again, it is easily seen that c induces a homomorphism c : Fn zBn ! AðBnÞ. (Hint:
verify the relation cðaiuiuiþ1a

�1
i Þ ¼ cðuiuiþ1Þ, for all 1c i < n, by induction on i).

Finally, one checks that j � c ¼ id and c � j ¼ id. r

Proposition 2.2 (Artin [2, 4], Magnus [22]). The representation rB : Bn ! AutðFnÞ is
faithful and its image is the set of automorphisms that permute the conjugacy classes

of the elements u1; u2; . . . ; un and fix the product u1u2 . . . un.

2.3 Braid monodromy representation. Let SD denote the surface shown in Figure 4
and, for i ¼ 1; . . . ; n� 1, let ti denote the Dehn twist homeomorphism on the curve ci
illustrated in the figure. Choose a basepoint p and loops gi at p for i ¼ 1; . . . ; n� 1,

Figure 2. Dehn twist tc, and braid twist sc.

γ 1

γ
i

ci

n1 20 i-1 i+1
i

Figure 3. The surface SB ¼ Cnf1; 2; . . . ; ng, free group generators ui ¼ ½gi�, and braid twists
si ¼ rBðaiÞ about ci.
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as shown in the figure. Then p1ðSD; pÞ ¼ Fn�1 is freely generated by the elements
vi ¼ ½gi�. The braid monodromy representation rD : Bn ! AutðFn�1Þ is defined by
rDðaiÞ ¼ ðtiÞ�, for i ¼ 1; 2; . . . ; n� 1.

For what follows in the later sections, it is important to view the surface SD as a
branched 2-fold cover of C branched over the set f1; 2; . . . ; ng, as shown in Figure 5.
Note that the quotient orbifold Sþ has orbifold fundamental group �nðC2Þ (the free
product of n groups of order 2). Let k : �nðC2Þ ! C2 be the epimorphism which maps
each free factor nontrivially. Note that k is the unique epimorphism �nðC2Þ ! C2

which sends every element of order 2 to the generator of C2, hence the kernel of k is
a characteristic subgroup. Furthermore, ker k ¼ Fn�1 is free of rank n� 1 and the
surface SD is the branched cover of Sþ corresponding to Fn�1 ¼ ker k < �nðC2Þ.

We suppose that the basepoint p in SD maps onto the origin 0 A Sþ. The loops xi at
0, for i ¼ 1; . . . ; n, as shown in Figure 5, represent canonical generators x1; x2; . . . ; xn

c iiγ i i+1c1 c n-1
1 2

p

n-1

Figure 4. The surface SD, free group generators vi ¼ ½gi�, and Dehn twists ti ¼ rDðaiÞ about ci.

1

2 i i+1

n

n-1

ξ i

ξ1

i
+c

21 i+1ii-1 n0

Figure 5. The twofold branched cover SD ! Sþ, generators xi ¼ ½xi� for �nðC2Þ, and braid
twists sþi ¼ rþðaiÞ about cþi .
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for the group �nðC2Þ. The loops gi were chosen to be (homotopic to) lifts of the loops
x1xiþ1, for i ¼ 1; . . . ; n� 1, and represent one choice of generators for the free sub-
group Fn�1. A di¤erent choice will be used in a later section. The Dehn twist along
the curve ci is a lift of the braid twist along the curve cþi in Sþ. Thus rD extends to
a representation rþ : Bn ! Autð�nC2Þ which is induced from rB under the map
Fn ! �nC2 ¼ Fn=ðu2i ; i ¼ 1; . . . ; nÞ.

The following is simply a more explicit version of Perron and Vannier [24], Cor-
ollaire 1, where it is observed that AðDnÞ is a semidirect product of a rank n� 1 free
group and the n-string braid group.

Proposition 2.3. Suppose that nd 4.
(1) Let Fn�1 denote the free group on n� 1 generators v1; v2; . . . ; vn�1. Then the

braid monodromy representation rD : Bn ! AutðFn�1Þ is well-defined and given alge-

braically by

rDða1Þ :
v1 7! v1

vj 7! v�1
1 vj j0 1;

�

and, for 2c ic n� 1,

rDðaiÞ :
vi�1 7! vi

vi 7! viv
�1
i�1vi

vj 7! vj j B fi � 1; ig:

8<
:

(2) We have AðDnÞGFn�1 zrD Bn, where the projection onto the second factor is pD
and the section Bn ,! Fn�1 zBn is just sD. In particular, ker pD is a free group of rank

n� 1.

Proof. One shows easily (by direct calculation) that this algebraic formulation of rD
gives a well-defined representation, and corresponds to the topological description
above after identifying Fn�1 with p1SD via vi ¼ ½gi� for i ¼ 1; . . . ; n� 1. (The latter
exercise is best carried out by looking at the braid twist action on p1ðSþÞ.) We turn to
Part (2).

Let j : fd1; . . . ; dng ! Fn�1 zBn be the function defined by jðd1Þ ¼ v1a1 and
jðdiÞ ¼ ai�1 for i ¼ 2; . . . ; n. One easily verifies that j extends to a homomorphism
j : AðDnÞ ! Fn�1 zBn.

Let c : fv1; . . . ; vn�1gU fa1; . . . ; an�1g ! AðDnÞ be defined by

cðviÞ ¼ diþ1di . . . d3d1d
�1
2 d�1

3 . . . d�1
i d�1

iþ1 for i ¼ 1; . . . ; n� 1:

cðaiÞ ¼ diþ1 for i ¼ 1; . . . ; n� 1:

Again, it is easily seen that c induces a homomorphism c : Fn�1 zBn ! AðDnÞ.
Finally, one checks that j � c ¼ id and c � j ¼ id, and hence that j is an isomor-
phism. r
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Remark. The choice of the free basis for Fn�1 used here is the most convenient for the
purposes of this section. A di¤erent free basis, given by the elements g1 :¼ x1x2 ¼ v1
and gi :¼ xixiþ1 ¼ v�1

i�1vi for i ¼ 2; 3; . . . ; n� 1, will be used later in Section 4. With
respect to this basis, rD is defined by

rDðaiÞ :
gi�1 7! gi�1gi

giþ1 7! g�1
i giþ1

gj 7! gj j B fi � 1; i þ 1g:

8><
>:

Faithfulness of the braid monodromy representation rD was established in [24] by
essentially topological means (using the work of Birman and Hilden [5] on mapping
class groups). We proceed now to give a purely algebraic proof of faithfulness based
on the above description. We first recall some background and prove a lemma.

If T is a subset of the standard generators of an Artin group A ¼ AðGÞ, then
the subgroup AT of A generated by T is known as a standard parabolic subgroup or
special subgroup of A. By a well-known result of Van der Lek [26], each standard
parabolic subgroup AT of AðGÞ is canonically isomorphic to the Artin group AðGT Þ
associated to the full subgraph GT of G spanned by T .

Lemma 2.4. Let A be an Artin group of spherical type with standard generating set S.
Let T HS, a A SnT and f ; g A AT . If a�1f a ¼ g, then f ¼ g A ATVa? , where a? ¼
fb A S : ma;b ¼ 2g.

Proof. In this proof we use the orthogonal normal forms for elements in a spherical
type Artin group [10, 11]. Any spherical type Artin group admits a left-invariant
lattice order ðA; <;4;5Þ with positive cone the submonoid Aþ generated by the
standard generators. Thus, for x; y A A, x < y if and only if x�1 y A Aþ. This lattice
order restricts nicely to standard parabolic subgroups: Aþ VAT is the submonoid
generated by T (written Aþ

T ) for any T HS. As a result of this lattice structure, every
element x A A has a unique orthogonal normal form x ¼ x�1

1 x2 where x1; x2 A Aþ and
x15x2 ¼ 1. In fact, x1 ¼ ð15xÞ�1 and x2 ¼ ð15xÞ�1

x. Clearly also, if x A AT then
both x1; x2 A Aþ

T .
Write f ¼ f �1

1 f2 and g ¼ g�1
1 g2 in orthogonal normal forms. We have f1; f2; g1;

g2 A A
þ
T . The equality a�1f a ¼ g implies that ð f1aÞ�1ð f2aÞ ¼ g�1

1 g2. Put h ¼ f1a5 f2a.
Since g15g2 ¼ 1, we have f1a ¼ hg1 and f2a ¼ hg2. We now use the (nontrivial) fact
that the submonoid Aþ of A is presented as a monoid as follows:

Aþ ¼ hS jwða; b : ma;bÞ ¼ wðb; a : ma;bÞ for all a; b A Siþ:

In other words, any two positive words representing the same element of Aþ are
related by a finite sequence of applications of the given relators. Using this, we
see that, since f1 A Aþ

T and a A SnT , any positive word representing f1a is of the
form g1g2 . . . gp:a:d1d2 . . . dq where g1; . . . ; gp A T and d1; . . . ; dq A T V a?. Now, since
f1a ¼ hg1 and a does not appear in any positive word representing g1, it follows
that g1 is written d1d2 . . . dq with d1; . . . ; dq A T V a?. Therefore g1 A Aþ

TVa? . Similarly
we have g2 A Aþ

TVa? and therefore f ¼ a�1ga ¼ g ¼ g�1
1 g2 A ATVa? . r
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The following is the ‘‘An case’’ of Theorem 1 of [24]. A completely analogous
argument can also be used to prove that Artin’s representation rB : Bn ! AutðFnÞ is
faithful.

Proposition 2.5 (Perron–Vannier [24]). The representation rD : Bn ! AutðFn�1Þ is

faithful.

Proof. We consider the spherical type Artin group A ¼ AðDnÞ. Recall the presenta-
tion AðDnÞ ¼ Fn�1 zrD Bn where Bn is identified with the standard parabolic sub-
group Afd2;...; dng of A. To prove the proposition it su‰ces to show that, if f A Afd2;...; dng
commutes with vk for all k ¼ 1; 2; . . . ; n� 1, then f ¼ 1.

Let f A Afd2; d3;...; dng such that fv1 ¼ v1 f . Since v1 ¼ d1d
�1
2 , we have d�1

1 f d1 ¼
d�1
2 f d2 A Afd2; d3;...; dng. By Lemma 2.4, it follows that f A Afd2; d4;...; dng.
We now show the following statement by induction on k for kd 3:

(Ik) If f commutes with v1; v2; . . . ; vk�1, then f A Afdkþ2; dkþ3;...; dng.

Suppose k ¼ 3. Since f commutes with v2 and v2 ¼ d3v1d
�1
3 , we have that d�1

3 f d3
commutes with v1. From the preceding argument we deduce that both f and d�1

3 f d3 A
Afd2; d4;...; dng, and then, by Lemma 2.4, that f A Afd5; d6;...; dng.

Suppose kd 4. Since f commutes with vk�1 and vk�1 ¼ dkvk�2d
�1
k , we have that

d�1
k f dk commutes with vk�2. On the other hand, d�1

k f dk also commutes with
v1; v2; . . . ; vk�3 (since both dk and f do). By the induction hypothesis we therefore
deduce that both f and d�1

k f dk A Afdkþ1; dkþ2;...; dng, and then, by Lemma 2.4, that
f A Afdkþ2; dkþ3;...; dng.
The assertion (Ik) with k ¼ n� 1 implies that if f commutes with all v1; v2; . . . ; vn�2

then f ¼ 1. r

2.4 Comparison of the two representations. Recall that, given a Coxeter graph G, the
canonical map AðGÞ ! WðGÞ is determined by adding the relations a2 ¼ 1, for each
standard generator a A S, to the standard presentation of AðGÞ. Via this map, the
semidirect product structures AðBnÞ ¼ Fn zBn and AðDnÞ ¼ Fn�1 zBn induce semi-
direct product structures on the associated Coxeter groups:

WðBnÞ ¼ Cn
2 zSn and WðDnÞ ¼ Cn�1

2 zSn

respectively, where Sn denotes the symmetric group on f1; . . . ; ng. These product
structures are, of course, well-known, see [6]. The group WðBnÞ, sometimes called the
signed permutation group, is simply the group of symmetries of an n-cube spanned by
an orthonormal basis in Rn: the normal subgroup Cn

2 acts by change of signs of the
n coordinates, and Sn acts by permuting the coordinates, and so acts on Cn

2 by per-
muting the direct factors. There exists a well-known embedding p : WðDnÞ ! WðBnÞ
which commutes with the projections onto Sn and which sends Cn�1

2 onto the kernel
of the map Cn

2 ! C2 which is nontrivial on each factor. It is tempting to wonder
whether the inclusion p is actually induced by an inclusion f : AðDnÞ ! AðBnÞ which
commutes with the projections pB and pD onto Bn. This, however, is not the case.
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Proposition 2.6. There is no embedding f : AðDnÞ ! AðBnÞ such that pD ¼ pB � f.

The proof of Proposition 2.6 makes use of the following lemma from Dyer and
Grossman [18]. We first fix some notation: Fn is the free group of rank n generated by
u1; u2; . . . ; un and Bn acts on Fn via the representation rB as in Proposition 2.1—for
convenience we identify Bn with its image under rB, thus simplifying the notation.

For x; y A Fn we write x@ y if x and y are conjugate.

Lemma 2.7 (Dyer–Grossman [18], Lemma 18). Let x A Fn such that a2i ðxÞ@ x for all

i ¼ 1; 2; . . . ; n� 1. Then x is conjugate either to a power of uj for some j A f1; 2; . . . ; ng
or to a power of u1u2 . . . un.

Corollary 2.8. Let x A Fn such that aiðxÞ@ x for all i ¼ 1; . . . ; n� 1. Then x is conju-

gate to a power of u1u2 . . . un.

Proof. By Lemma 2.7, x is conjugate either to a power of uj for some j A f1; 2; . . . ; ng
or to a power of u1u2 . . . un. If x@ uj, then we would have aiðujÞ@ uj for all i, while
in fact ajðujÞ ¼ ujþ1 for j < n and aj�1ðujÞ@ uj�1 for j > 0, a contradiction. r

Proof of Proposition 2.6. We suppose that such an embedding f : AðDnÞ ,! AðBnÞ
exists and shall henceforth identify AðDnÞ with a subgroup of AðBnÞ via this map f.
Recall that, by Proposition 2.1, AðBnÞ ¼ Fn zBn where Fn ¼ ker pB is the free group
on generators u1; u2; . . . ; un, Bn is the subgroup of AðBnÞ generated by b2; b3; . . . ; bn,
and one has bixb

�1
i ¼ rBðai�1ÞðxÞ ¼ ai�1ðxÞ for all i ¼ 2; 3; . . . ; n and x A Fn. Recall

also (Proposition 2.3) that AðDnÞ ¼ Fn�1 zBn where Fn�1 ¼ ker pD is the free group
on generators v1; v2; . . . ; vn�1, Bn is the subgroup of AðDnÞ generated by d2; d3; . . . ; dn,
and one has di yd

�1
i ¼ rDðai�1ÞðyÞ for all i ¼ 2; 3; . . . ; n and y A Fn. The fact that

pD ¼ pB � f means that Fn�1 HFn and, for all i ¼ 2; 3; . . . ; n, there is a wi A Fn such
that di ¼ wibi.

Step 1. There exists x0 A Fn�1nf1g such that aiðx0Þ@ x0 for all i ¼ 1; 2; . . . ; n� 1.

x0 ¼
v1v

�1
2 v3v

�1
4 . . . v�1

n�2vn�1 if n even;

v1v
�1
2 v3 . . . vn�2v

�1
n�1v

�1
1 v2v

�1
3 . . . v�1

n�2vn�1 if n odd:

�
Define

It is easily checked that dix0d
�1
i ¼ rDðai�1Þðx0Þ ¼ x0. Therefore ai�1ðx0Þ ¼ bix0b

�1
i ¼

w�1
i dix0d

�1
i wi ¼ w�1

i x0wi for all i ¼ 2; . . . ; n.
For x A Fn we denote by ½x� the class of x in H1ðFnÞGZn.

Step 2. We have ½x� ¼ 0 for all x A Fn�1.

We show that ½vi� ¼ 0 by induction on i. Suppose that i ¼ 1. We have

v�2
1 v2 ¼ rDða21Þðv2Þ ¼ d22v2d

�2
2 ¼ ðw2b2Þ

2
v2ðw2b2Þ

�2 ¼ w2a1ðw2Þa21ðv2Þa1ðw�1
2 Þw�1

2

and a21 acts trivially on H1ðFnÞ, whence ½v2� ¼ �2½v1� þ ½v2�, and so ½v1� ¼ 0.
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Suppose now that id 2 and ½vi�1� ¼ 0. Then

½vi� ¼ ½divi�1d
�1
i � ¼ ½bivi�1b

�1
i � since di ¼ wibi with wi A Fn

¼ ½ai�1ðvi�1Þ� ¼ ai�1ð½vi�1�Þ ¼ 0:

End of proof. Let x0 be the element constructed in Step 1. By Corollary 2.8, there
exists some k A Z such that x0 @ ðu1u2 . . . unÞk. Step 2 now implies that

0 ¼ ½x0� ¼ kð½u1� þ ½u2� þ � � � þ ½un�Þ:

Since the ½ui� are independent nontrivial generators of H1ðFnÞGZn, we must have
k ¼ 0, and therefore x0 ¼ 1, a contradiction. r

The fact that the pure braid group acts trivially on homology (H1ðFnÞGZn) via
Artin’s representation figures strongly in the work of Dyer and Grossman on the
automorphisms of Bn. We note here that the action of the braid group via the braid
monodromy is somewhat more complicated on the homology H1ðFn�1ÞGZn�1. In
fact, this action on Zn�1 turns out to be a specialisation of the reduced Burau repre-
sentation of Bn.

3 A topological interpretation for the semidirect products

Let G be a Coxeter graph of spherical type (i.e. such that the Coxeter group WðGÞ
is finite). Every finite Coxeter group has a canonical representation y : WðGÞ ,!
Oðn;RÞ where n is the number of vertices of G, and where the standard generators
are sent to reflections. It is well-known (since Brieskorn [7]) that each Artin group
AðGÞ of spherical type is isomorphic to the fundamental group of the space of regular
orbits of the representation yC of WðGÞ as a complex unitary reflection group, ob-
tained simply by tensoring y with C. This regular orbit space may be easily described
as the quotient of a complex hyperplane complement as follows.

Let R denote the set of reflections in WðGÞ, that is the set of r A WðGÞ such that
yðrÞ is a reflection in a hyperplane, HðrÞ say. (Note that every reflection is actually
conjugate to a standard generator of WðGÞ). The arrangement of G is the set AðGÞ ¼
fHðrÞ : r A Rg of reflecting hyperplanes of WðGÞ. The complexification of AðGÞ is
the set ACðGÞ ¼ fHC ¼ HnC : H A AðGÞg. Note that HCðrÞ ¼ HðrÞnC is sim-
ply the fixed set of yCðrÞ in Cn, and is a hyperplane in Cn. The complement of ACðGÞ
is the manifold

MðGÞ ¼ Cn

��
6

H AAðGÞ
HC

�
:

The group WðGÞ acts freely on MðGÞ, and the manifold NðGÞ ¼ MðGÞ=WðGÞ is the
regular orbit space referred to above. Brieskorn [7] showed that p1NðGÞGAðGÞ and
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Deligne later showed that NðGÞ is a KðAðGÞ; 1Þ-space [17].1 We refer the reader to
Brieskorn’s paper [7] for an explicit description of the group isomorphism.

For types Bn, Dn and An�1 we have the following (this information can be derived,
for instance, from the appendices of [6], where the associated root systems are laid
out).

MðBnÞ ¼ fðz1; z2; . . . ; znÞ A Cn : zi 0Gzj for 1c i0 jc n;

and zi 0 0; for 1c ic ng;

MðDnÞ ¼ fðz1; z2; . . . ; znÞ A Cn : zi 0Gzj; for 1c i0 jc ng:

Let D ¼ spanfð1; 1; . . . ; 1ÞgHCn, and, for z A Cn, let ½z� denote the element of Cn=D
represented by z. Then

MðAn�1Þ ¼ f½z1; z2; . . . ; zn� A Cn=D : zi 0 zj ; for 1c i0 jc ng:

The group WðAn�1Þ ¼ Sn acts on MðAn�1Þ by permutation of the coordinate axes,
WðBnÞ ¼ ðC2Þn zSn acts on MðBnÞ by signed permutations of the coordinate
axes (i.e. Sn acts by permuting the coordinates and ðC2Þn acts via ðe1; e2; . . . ; enÞ:
ðz1; z2; . . . ; znÞ ¼ ðe1z1; e2z2; . . . ; enznÞ for ei ¼G1), and WðDnÞ acts on MðDnÞ also by
signed permutations of the coordinates via the inclusion WðDnÞ < WðBnÞ described
in Subsection 2.4.

We consider MðBnÞHMðDnÞ as submanifolds of Cn (i.e. MðBnÞ is simply the
hyperplane complement MðDnÞ with additional hyperplanes removed, namely the
coordinate hyperplanes). We also identify WðDnÞ as a subgroup of WðBnÞ. The ca-
nonical actions of WðBnÞ and WðDnÞ on their respective hyperplane complements
are therefore simultaneously induced by the action of WðBnÞ ¼ ðC2Þn zSn on Cn by
signed permutations of the coordinates.

Let ~PPD : MðDnÞ!MðAn�1Þ be the map defined by ðz1; z2; . . . ; znÞ 7! ½z21 ; z22 ; . . . ; z2n �,
and ~PPB the restriction of this map to the submanifold MðBnÞHMðDnÞ. Note that
these maps are equivariant with respect to the canonical projections of WðDnÞ and
WðBnÞ onto Sn ¼ WðAn�1Þ. Thus they induce, respectively, maps PD : NðDnÞ !
NðAn�1Þ and PB : NðBnÞ ! NðAn�1Þ.

Proposition 3.1. B)(i) The map PB : NðBnÞ ! NðAn�1Þ is a locally trivial fibration.
The fibre of PB over the orbit Sn:½x1; x2; . . . ; xn� is naturally homeomorphic to

Cnfx1; x2; . . . ; xng.
(ii) The fibration admits a section SB and the subsequent monodromy action

of p1NðAn�1Þ on the fundamental group of the fibre SB over the orbit

Sn:½1; 2; . . . ; n� is precisely Artin’s representation rB.

1 In fact this was already known to Brieskorn [8] by more or less ad hoc means in all but 5
exceptional cases, including the cases we will consider in this article. Deligne’s unified treat-
ment was given in response to Brieskorn’s Séminaire Bourbaki and has significantly influenced
the subsequent study of Artin groups.
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(D)(i) The map PD : NðDnÞ ! NðAn�1Þ is a locally trivial fibration. The fibre of PD

over any point is naturally homeomorphic to the twofold branched covering of

C branched over the set fx1; x2; . . . ; xng.
(ii) The fibration admits a section SD and the subsequent monodromy action

of p1NðAn�1Þ on the fundamental group of the fibre SD over the orbit

Sn:½1; 2; . . . ; n� is precisely the braid monodromy representation rD.

Proof. We first treat the Bn case. Let

M̂M ¼ MðBnÞ=ðC2Þn ¼ fðz1; z2; . . . ; znÞ A Cn : zi 0 zj ; zi 0 0; for 1c i0 jc ng;

where the covering MðBnÞ ! M̂M is defined by the map ðz1; z2; . . . ; znÞ 7!
ðz21 ; z22 ; . . . ; z2nÞ. Now NðBnÞ ¼ M̂M=Sn and PB is induced by the map P̂PB : M̂M !
MðAn�1Þ given by z 7! ½z�. Thus P̂PB is simply the restriction of the linear map
d : Cn ! Cn=D to the set M̂M, and is easily seen to be a locally trivial fibration where
the fibre over a point ½x� is the set ðxþDÞnfz : zi ¼ 0 for some ig, thus naturally
homeomorphic to Cnfx1; x2; . . . ; xng by the map sending z A Cnfx1; . . . ; xng to the
point ðx1 � z; x2 � z; . . . ; xn � zÞ. Factoring out by the action of Sn one obtains
statement (i) for PB.

Furthermore, P̂PB has a section, which can be described as follows. For z ¼
ðz1; z2; . . . ; znÞ ACn, define the ‘‘centre’’ cz :¼ 1

n

P
zi and ‘‘radius’’ rz :¼ maxfjzi � czjg

of the set fz1; z2; . . . ; zng. Then define ŜSB : MðAn�1Þ ! M̂M such that ŜSBð½z�Þ ¼
ðz1 þ bz; z2 þ bz; . . . ; zn þ bzÞ, where bz :¼ rz þ 1� cz. Despite appearances, ŜSB is
well-defined and continuous. Clearly, since ŜSB is Sn-equivariant, it induces a sec-
tion SB : NðAn�1Þ ! NðBnÞ to the map PB. Note that the fibre over the orbit
Sn:½1; 2; . . . ; n� A NðBnÞ is naturally homeomorphic to the surface SB of Figure 3, and
that ŜSBð½1; 2; . . . ; n�Þ ¼ ð1; 2; . . . ; nÞ and corresponds under this homeomorphism to
the basepoint at 0 in SB ¼ Cnf1; 2; . . . ; ng.

To see that the monodromy action is precisely Artin’s braid action, one simply
recalls that the space of braids may be identified with the space of loops
in ffz1; z2; . . . ; zng A Cn=Sn : zi 0 zj; for 1c i0 jc ng based at the point
f1; 2; . . . ; ng. This permits an identification of the braid group Bn ¼ AðAn�1Þ with
p1NðAn�1Þ which happens to agree with that described in [7]. (Note that the standard
generator ai of AðAn�1Þ is identified with the elementary braid which twists the i th

and i þ 1st strands).
Now observe that the space M̂Mþ ¼ MðDnÞ=ðC2Þn is simply obtained from M̂M

by restoring the coordinate hyperplanes. The map MðDnÞ ! M̂Mþ (defined by
ðz1; z2; . . . ; znÞ 7! ðz21 ; z22 ; . . . ; z2nÞ) is a ramified covering with a singular set of degree
2, the union of restored hyperplanes. Thus M̂Mþ should be thought of as an orbifold.
The fibration P̂PB extends to an ‘‘orbifold fibration’’ P̂Pþ : M̂Mþ ! MðAn�1Þ with the
fibre over a point ½x� naturally homeomorphic to the orbifold C with singular set
fx1; x2; . . . ; xng of degree 2 points (and therefore homeomorphic to the orbifold Sþ of
Figure 5). This fibration descends to a fibration Pþ : Nþ ¼ M̂Mþ=Sn ! NðAn�1Þ with
the same fibre. Just as for PB, the fibration Pþ admits a section Sþ and the mono-
dromy action is simply that induced by Artin’s braid action on the punctured surface
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by replacing punctures by points of degree 2. This is precisely the braid twist action
of Sþ described in Section 2.3.

It remains simply to observe that NðDnÞ is a twofold cover of Nþ (in fact
MðDnÞ=En�1 is clearly a 2-fold cover of M̂Mþ) which fibres over NðAn�1Þ as de-
scribed in the statement (i), and moreover to recall that the braid twist action on
the orbifold Sþ lifts to the braid monodromy representation on SD. The existence of
the section SD (a lift of Sþ) is ensured simply by the fact that the braid twist action on
Sþ lifts. r

Remark. The homotopy exact sequence implies that these fibrations give rise
to semidirect product structures on the two Artin groups p1NðBnÞGAðBnÞ and
p1NðDnÞGAðDnÞ. Here we have not paid very much attention to explicit generators
for the fundamental groups, however the careful reader may verify that the canonical
isomorphisms, described in Brieskorn [7], carry the product structure coming from
the fibration in each case precisely onto the semidirect product structures given in
Propositions 2.1 and 2.3.

Remark. In a sense, Proposition 3.1 is just a rephrasing of some previously known
facts. As explained in Allcock [1], the spaces NðBnÞ, and Nþ, may be regarded as the
configuration spaces of n unordered points in the orbifolds Cnf0g, and C with a de-
gree 2 singular point, respectively. Thus AðBnÞ may be identified with the n-string
braid group over a punctured plane (which is equally the subgroup of the ðnþ 1Þ-
string braid group in which the first string is pure), and AðDnÞ with an index two
subgroup of the braid group over a plane with a degree 2 point. The fibrations ob-
served above correspond simply to deleting the orbifold features (the puncture or the
degree 2 point) and Artin’s representation appears quite naturally from this point of
view as well. We note that this braid picture for type Bn had been previously observed
[21, 16] and, as Allcock pointed out, was already implicit in [8]. In fact the fibra-
tion of type Dn in Proposition 3.1 is also implicit in [8] where Brieskorn observes that
the map f : Cn ! Cn�1 defined by ðz1; z2; . . . ; znÞ 7! ðz21 � z2n ; z

2
2 � z2n ; . . . ; z

2
n�1z

2
nÞ re-

stricts to a locally trivial (di¤erentiable) fibration of MðDnÞ. This fibration is simply
the map ~PPD, where the image f ðMðDnÞÞ is just MðAn�1Þ expressed in the inhomo-
geneous coordinates obtained by setting the last coordinate to 0. We should point out
that Allcock also gave similar ‘‘braid picture’’ interpretations of the infinite families
of a‰ne type Artin groups. The picture for Að ~AAnÞ has already been used in [12], and
there is certainly potential for these to be explored more fully.

4 Automorphisms preserving the fibre

This section is largely inspired by the paper of Dyer and Grossman [18] which gave
the first proof, using essentially algebraic techniques, that OutðBnÞ is the group of
two elements (the nontrivial outer automorphism being that which changes the sign
of each standard braid group generator). While we are not yet able to replicate that
result for the groups AðBnÞ and AðDnÞ, we are able to prove that there are very few
automorphisms of these groups which leave invariant the kernel of the map pB and
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pD respectively (that is, the normal subgroups in the semidirect product structures
described in the previous sections). The question remains as to whether these ker-
nels are characteristic subgroups. On the other hand, we are able to show that
Outðð�nC2ÞzBnÞ is also of order 2.

In our investigation in this section of the automorphisms of the group AðBnÞ we
shall always assume nd 3. The case n ¼ 2, which was treated in [20] together with
the other Artin groups of rank 2, is slightly exceptional in that the group AðB2Þ has a
non-inner automorphism derived from the nontrivial automorphism of the graph
B2—such an automorphism does not exist if nd 3.

4.1 Automorphisms of A(Bn) leaving Fn invariant. Recall the presentation AðBnÞ ¼
Fn zrB Bn of Section 2. For notational convenience, we shall identify elements of
Bn < AðBnÞ with the corresponding elements of InnðAðBnÞÞ via their action by con-
jugation (and using the fact that rB is faithful). We call these elements braid auto-

morphisms. As in Section 2, let Fn be freely generated by u1; u2; . . . ; un so that rB is
defined as in Proposition 2.1. For simplicity we write u0 :¼ u1u2u3 . . . un, and note
that all braid automorphisms leave u0 fixed.

Let z A Bn denote the braid2 of Figure 6. It is known that z generates the centre ofBn

(it is the square of Garside’s so-called fundamental element), see [19]. Also, it is easily
seen that z acts on AðBnÞ by conjugation by the element u�1

0 , and it is a straightfor-
ward exercise to check that the centre of AðBnÞ is generated by the element u0z.

Note that there is an obvious bijective correspondence between automorphisms of
AðBnÞ which fix the subgroup Bn while leaving the subgroup Fn invariant, and auto-
morphisms of Fn which are equivariant with respect to the Bn action. The proof of
the following result is essentially contained in the work of Dyer and Grossman [18]—
see the proof of their Theorem 19.

1 2 3 n-1 n

Figure 6. The braid z ¼ ða1a2a3 . . . an�1Þn in Bn.

2Note that braids are drawn from top to bottom, so that their action (on p1SB or p1S
þ)

should be visualised by moving loops drawn in the bottom level surface up to the top level
surface via a continuous path of loops.
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Proposition 4.1. Let nd 3, and let Bn act on Fn via Artin’s representation rB. Then the

group of Bn-equivariant automorphisms of Fn is generated by z.

Proof. We first note that the group F Bn
n of elements of Fn left fixed by Bn is generated

by u0: if x is a nontrivial element of F Bn
n then, by Corollary 2.8, x is conjugate to a

nontrivial power of u0, say x ¼ wur
0w

�1. But then the commutator ½w; ur
0� lies in F Bn

n

and so is conjugate to a power of u0. However, since u0 maps to an infinite order
element under abelianisation of Fn we must have ½w; ur

0� ¼ 1, in which case w must be
a power of u0 and x A hu0i.

Let j be a Bn-equivariant automorphism of Fn. It follows from the above state-
ment that j must leave invariant the cyclic group hu0i. Thus jðu0Þ ¼ un

0 for some
n A fG1g.

We now use the fact that, for all i ¼ 1; 2; . . . ; n� 1 and all j ¼ 0; 1; 2; . . . ; n, we
have a2i ðujÞ@ uj, and therefore by Bn-equivariance a2i ðjðujÞÞ ¼ jða2i ðujÞÞ@ jðujÞ. It
follows from Lemma 2.7, that j must permute the 2n conjugacy classes of the ele-
ments uG1

1 ; . . . ; uG1
n (while respecting the pairs fui; u�1

i g). Note that the elements
uG1
0 ; uG1

1 ; . . . ; uG1
n represent distinct conjugacy classes in Fn, and none of these ele-

ments are proper powers. The conjugacy classes of u0 and u�1
0 are already either fixed

or interchanged.
So, for j ¼ 1; 2; . . . ; n, we have jðujÞ@ u

nj
sð jÞ for nj A fG1g, where s denotes a

permutation in Sn. Moreover, after abelianising Fn to Zn, the equation jðu0Þ ¼
jðu1Þjðu2Þ . . . jðunÞ implies that nj ¼ n for every j ¼ 1; 2; . . . ; n. It now follows,
by Proposition 2.2, that there exists a braid b A Bn such that b�1jðujÞ ¼ un

j for
0c jc n.

Now, if n ¼ �1, we would have

u�1
1 u�1

2 . . . u�1
n ¼ b�1jðu1u2 . . . unÞ ¼ b�1jðu0Þ ¼ u�1

0 ¼ u�1
n . . . u�1

2 u�1
1 ;

which is impossible. Therefore j agrees on Fn with the braid automorphism b. But
then, since j is Bn-equivariant and since the monodromy representation is faithful, b
must lie in the centre of Bn which is generated by z. r

Theorem 4.2. Let nd 3 and consider the presentation of AðBnÞ ¼ Fn zrB Bn as a

semidirect product. The group AutðAðBnÞ;FnÞ of automorphisms of AðBnÞ which leave

invariant the subgroup Fn is generated by the inner automorphisms of AðBnÞ and the

automorphism �n which simply inverts each of the standard generators. Thus

AutðAðBnÞ;FnÞ ¼ InnðAðBnÞÞz h�niG ðAðBnÞ=ZðAðBnÞÞÞzC2;

where ZðAðBnÞÞ denotes the centre of AðBnÞ. In particular, OutðAðBnÞ;FnÞGC2.

Proof. Let j A AutðAðBnÞ;FnÞ, and let j denote the automorphism induced on the
quotient Bn ¼ AðBnÞ=Fn. Using the theorem of Dyer and Grossman [18], we may
suppose, up to a multiplication of j by a braid automorphism, and by �n if necessary,
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that j is the trivial automorphism of Bn. In other words, there exists some function
k : Bn ! Fn, written g 7! kg, such that

jðgÞ ¼ kgg; for all g A Bn:

In particular, for all g A Bn and all x A Fn, we have

j � gðxÞ ¼ jðgÞjðxÞjðgÞ�1 ¼ kggjðxÞg�1k�1
g @ g � jðxÞ;

where @ denotes conjugacy in Fn. In other words, the action of j on the conjugacy
classes of Fn is Bn-equivariant.

Note that, for every g A Bn, we have gðjðu0ÞÞ@ jðgðu0ÞÞ ¼ jðu0Þ. By Corollary 2.8
and the fact that u0 is not a proper power, we then have jðu0Þ@ un

0, for n A fG1g. But
then, modifying j by an inner automorphism coming from Fn, we may suppose that
jðu0Þ ¼ un

0. (Note that, under this modification, j remains trivial, however the func-
tion k may change).

As a consequence, we now claim that j actually fixes every element of Bn (and so
its action on Fn is genuinely Bn-equivariant). All braid automorphisms leave u0 fixed.
So, for any g A Bn we have

un
0 ¼ jðu0Þ ¼ jðgu0g�1Þ ¼ kggu

n
0g

�1k�1
g ¼ kgu

n
0k

�1
g :

That is, kg commutes with u0 and so must be a power of u0, for every g A Bn. In fact,
k : Bn ! hu0iGZ must be a homomorphism since jðgbÞ ¼ kggkbb ¼ kgkbgb, using
once again the fact that braid automorphisms fix powers of u0. Moreover, in view of
the braid relations aiaiþ1ai ¼ aiþ1aiaiþ1, the only homomorphisms Bn ! Z are mul-
tiples of the length homomorphism l : Bn ! Z which sends each standard generator
to 1. In other words, there exists an m A Z such that jðgÞ ¼ u

mlðgÞ
0 g, for all g A Bn.

Finally, we observe that the centre of AðBnÞ, which is generated by the element u0z,
is left invariant by any automorphism of AðBnÞ. So jðu0zÞ ¼ ðu0zÞG1. But since
jðu0zÞ ¼ un

0u
mlðzÞ
0 z we must have mlðzÞ ¼ 1� n. But, since lðzÞ ¼ nðn� 1Þd 6, this

is only possible if m ¼ 0, in which case j fixes every element of Bn as claimed.
It now follows from Proposition 4.1 that j is a power of the central braid auto-

morphism z, and hence an inner automorphism of AðBnÞ. r

From the proof we see that there exist sections of the map pB : AðBnÞ ! Bn which
are ‘‘exotic’’ in the the sense that they are distinct, up to automorphism of AðBnÞ,
from the standard section. Namely, for each m0 0, setting g 7! u

mlðgÞ
0 g defines such

a section. We do not know if there exist exotic sections other than these. A similar
remark also applies to the fibration of AðDnÞ considered in the next section (see the
proof of Theorem 4.9).

4.2 Automorphisms of A(Dn) leaving FnC1 invariant. We proceed now to derive the
analogous result for the type Dn Artin group. The proof of Theorem 4.2 is largely
transportable to this case. Thus, the main part of our work will be in establishing the
following analogue of Proposition 4.1.
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Theorem 4.3. Let nd 4, and identify Bn with a subgroup of AutðFn�1Þ via the braid

monodromy representation rD. Then the group of Bn-equivariant automorphisms of

Fn�1 is generated by z.

Let K ¼ hx1; x2; . . . ; xn j x2
i ¼ 1; i ¼ 1; 2; . . . ; ni denote the group p1S

þ ¼ �nðC2Þ,
where the generators xi are as described in Subsection 2.3. The braid group Bn

acts on K (via braid twists of the degree 2 orbifold points) in such a way that, for
i ¼ 1; 2; . . . ; n� 1,

ai :

xi 7! xiþ1

xiþ1 7! xiþ1xixiþ1

xj 7! xj if j B fi; i þ 1g

8<
:

The braid monodromy action (via rD) is just the restriction of this action to the
characteristic index 2 free subgroup Fn�1 < K , namely the kernel of the map of K
onto C2 which maps each generator xi nontrivially. In this section we shall use the
following set of free generators for Fn�1: fgj ¼ xjxjþ1 : j ¼ 1; 2; . . . ; n� 1g.

We first study the action of Bn on the whole of K . For u; v A K we write u@ v to
mean that u and v are conjugate in K , and write ½u� for the conjugacy class of u in K .
Note that any element in K is uniquely represented by a reduced form, a word in
x1; . . . ; xn with all exponents þ1. In addition, every conjugacy class in K has a rep-
resentative whose reduced form is cyclically reduced, i.e. every cyclic shift of the word
is also reduced (equivalently, the word is reduced and does not begin and end with
the same letter). Such a representative is unique up to cyclic shifts of its reduced form,
and shall be called a shortest element of its conjugacy class. The same observations
hold in the case of reduced forms with respect to free products of arbitrary groups.
The following three lemmas shall be also used in the next subsection, so we shall as-
sume nd 2 in their statement in place of nd 4.

Lemma 4.4. Let 1c jc n� 1, and let Khaji denote the subgroup of K consisting of

those elements left fixed by aj.

(i) Khaji is generated by the elements fgj ¼ xjxjþ1; x1; . . . ; xj�1; xjþ2; . . . ; xng.

(ii) If w A K is such that ajðwÞ@w, then there is a shortest element of ½w� lying in

Khaji.

Proof. (i) The group K may be written C �D where C ¼ hxj; xjþ1i and D ¼
hxi : i0 j; j þ 1i. Clearly aj fixes every element of D and leaves C invariant. So
Khaji ¼ Chaji �D.

For simplicity we write a ¼ aj, x ¼ xj and y ¼ xjþ1. We have aðxÞ ¼ y and aðyÞ ¼
yxy, thus aðxyÞ ¼ xy and aðyxÞ ¼ yx. Any element of C ¼ hxi � hyiGC2 � C2

may be written in normal form with respect to the free product and has one of
the following forms: ðxyÞk; ðyxÞk ¼ ðxyÞ�k; ðxyÞkx, or yðxyÞk, for some k A N. Now

aððxyÞkxÞ ¼ ðxyÞky0 ðxyÞkx, and aðyðxyÞkÞ ¼ yxyðxyÞk 0 yðxyÞk. Thus Chai is
generated by xy ¼ gj, and Khaji ¼ hgji �D is as claimed.
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(ii) We may clearly assume w0 1 and may choose w to be any shortest element of
its conjugacy class. Thus, either w A C, or w A D, or w may be chosen to have reduced
form W ¼ c1d1c2d2 . . . cmdm with respect to the free product C �D, where the ci are
nontrivial elements of C and the di are nontrivial elements of D, and md 1.

Suppose first that w A C. Since it is shortest in its conjugacy class, w must be
represented by a cyclically reduced word in the letters x, y. That is, w is either ðxyÞk
or ðyxÞk ¼ ðxyÞ�k, for some k A N. But then w lies in Khaji.

If w A D then, a fortiori, w is an element of Khaji.
Finally we suppose that w has reduced form W ¼ c1d1c2d2 . . . cmdm (with respect to

C �D), in which case it follows that W 0 :¼ aðc1Þd1 . . . aðcmÞdm is the reduced form for
aðwÞ with respect to C �D. Since aðwÞ@w, and since both W and W 0 are cyclically
reduced, we must have that W 0 is obtained from W by a cyclic shift. That is, there
exists an r A f1; 2; . . . ;mg such that aðciÞ ¼ ciþr and di ¼ diþr for all i ¼ 1; 2; . . . ;m
(where indices are taken modm). But then a2mðciÞ ¼ ci for all i ¼ 1; 2; . . . ;m. Note
that a2 acts on both x and y by conjugating by the element yx. But then a2mðciÞ ¼ ci
only if ci is a power of xy. It follows that w must lie in Khaji. r

The following lemma should be compared with Lemma 18 of [18] (see Lemma 2.7)
and, more particularly, with Corollary 2.8.

Lemma 4.5. (i) The group KBn of elements of K left fixed by every g A Bn is the cyclic

group generated by the element d :¼ x1x2 . . . xn.

(ii) If w A K is such that ajðwÞ@w for all j ¼ 1; 2; . . . ; n� 1, then w is conjugate to an

element of KBn (so conjugate to a power of d).

Proof. The case n ¼ 2 is contained in Lemma 4.4. We assume nd 3.
(i) Let w A KBn and let u1u2 . . . uk be the reduced form for w (each ui A

fx1; x2; . . . ; xng).
(1) Suppose that ui ¼ xj where 1 < j < n. Then, by Lemma 4.4, the inclusions

w A Khaj�1i and w A Khaji imply that 1 < i < k and ui�1uiuiþ1 ¼ xj�1xjxjþ1, or
xjþ1xjxj�1.

(2) Suppose that ui ¼ x1. Then, by Lemma 4.4, the inclusion w A Kha1i implies that
either ui�1 ¼ x2 or uiþ1 ¼ x2. Moreover, we cannot have both identities, ui�1 ¼ x2
and uiþ1 ¼ x2, otherwise, by (1), x3x2x1x2x3 would be a subexpression of u1u2 . . . uk
(recall that nd 3), and then the inclusion w A Kha1i would contradict Lemma 4.4.

(3) Suppose ui ¼ xn. Then, by Lemma 4.4, the inclusion w A Khan�1i implies
that either ui�1 ¼ xn�1 or uiþ1 ¼ xn�1. Moreover, we cannot have both identities,
ui�1 ¼ xn�1 and uiþ1 ¼ xn�1, otherwise, by (1), xn�2xn�1xnxn�1xn�2 would be a sub-
expression of u1u2 . . . uk, and then the inclusion w A Khan�1i would contradict Lemma
4.4.

Clearly, (1), (2), and (3) imply that w is a power of d. On the other hand, it is easily
verified that d is indeed fixed by every braid.

(ii) Let w A K such that ajðwÞ@w for all j ¼ 1; . . . ; n� 1, and let u1u2 . . . uk be a
cyclically reduced word representing an element of ½w� (each ui A fx1; x2; . . . ; xng).
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(1) Suppose ui ¼ xj , where 1 < j < n. Then, by Lemma 4.4, we have ui�1uiuiþ1 ¼
xj�1xjxjþ1, or xjþ1xjxj�1. (This time, the indices of the ui’s are considered modulo k.
So u0 ¼ uk and ukþ1 ¼ u1.)

(2) Suppose ui ¼ x1. Then, by Lemma 4.4, either ui�1 ¼ x2 or uiþ1 ¼ x2, and we
cannot have both identities, ui�1 ¼ x2 and uiþ1 ¼ x2.

(3) Suppose ui ¼ xn. Then, by Lemma 4.4, either ui�1 ¼ xn�1 or uiþ1 ¼ xn�1, and
we cannot have both identities, ui�1 ¼ xn�1 and uiþ1 ¼ xn�1.

Now, (1), (2), and (3) clearly imply that u1u2 . . . uk is a power of d up to a cyclic
shift. r

We will only need to use Part (i) of the following lemma, but we state Part (ii)
anyway for the sake of completeness.

Lemma 4.6. Let S denote the set of standard generators of Bn. Choose a sequence

1c i1 < i2 < � � � < ik < n and let T HS be the set T ¼ Snfaj : j ¼ i1; i2; . . . ; ikg. Let
KhTi denote the subgroup of K consisting of those elements left fixed by every element

of T. Then:

(i) KhTi ¼ hdð1; i1Þ; dði1 þ 1; i2Þ; dði2 þ 1; i3Þ; . . . ; dðik þ 1; nÞi, where, for i < j,
dði; jÞ :¼ xixiþ1 . . . xj�1xj.

(ii) If w A K is such that ajðwÞ@w for all aj A T , then w is conjugate to an element of

KhTi.

Proof. (i) Write i0 ¼ 1 and ikþ1 ¼ n. Consider the decomposition K ¼ K0 �
K1 � � � � � Kk, where Kr is the subgroup of K generated by xikþ1; . . . ; xikþ1

. Let
w A KhTi, and let w ¼ w1w2 . . .wp be the reduced form of w with respect to this
decomposition, namely, wi A KmðiÞ for some mðiÞ A f0; 1; . . . ; kg, and mði þ 1Þ0 mðiÞ
for all i ¼ 1; . . . ; p� 1. Now, by exactly the argument of Lemma 4.5 (i), we deduce
that, if wi A Kr (namely, r ¼ mðiÞ), then wi is a power of dðir þ 1; irþ1Þ.

(ii) This follows by a similar extension of Lemma 4.5 (ii). r

We will also make use of the following two lemmas in the proof of Theorem 4.3.

Lemma 4.7. Let j be an automorphism of the free group Fhx; yi such that jðyÞ ¼ yn

for some n A fG1g. Then jðxÞ ¼ ykxeyl for some k; l A Z and e A fG1g.

Proof. Write jðxÞ ¼ ykuyl where k; l A Z and u is a nontrivial reduced word whose
first and last letters are either x or x�1. We will use the fact that, since j is an auto-
morphism, the group Fhx; yi is generated by y and u. The reduced word u is written
uniquely in the form u0u1u

�1
0 where the subword u1 is cyclically reduced and non-

trivial. It follows that, for any r A Znf0g, ur has reduced form u0u
r
1u

�1
0 . Thus the re-

duced form for ur begins and ends in x or x�1 and has length at least lengthðuÞ.
Let wðs; tÞ be a reduced word in the letters s, t involving at least one t. The above

observation shows that the length of wðy; uÞ is greater than or equal to the length of
u. So, x can never lie in the subgroup generated by y and u unless u is of length 1. But
then jðxÞ must be of the form jðxÞ ¼ ykxeyl with e A fG1g. r
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Lemma 4.8. Let wðs; tÞ denote a freely reduced word in the letters s, t. Then, in the free

group Fhx; yi, we have the relation wðx; xyÞ:wðy; xyÞ ¼ 1 if and only if wðs; tÞ is the
trivial word.

Proof. Clearly the relation holds if wðs; tÞ is the trivial word. Suppose then that the
relation holds, and let uðs; tÞ be the freely reduced word in s, t such that uðx; yÞ ¼
wðx; xyÞ. Then we have

uðx; yÞy�1uðy; xÞy ¼ wðx; xyÞy�1wðy; yxÞy ¼ wðx; xyÞwðy; xyÞ ¼ 1:

But then y�1uðy; xÞy ¼ uðx; yÞ�1. Since uðy; xÞ and uðx; yÞ�1 are reduced words of
the same length, then either they are both trivial, or the word uðx; yÞ�1 is obtained
from the word uðy; xÞ by a cyclic shift involving only the letter y. But the latter is
impossible since if uðy; xÞ starts (respectively ends) with yG1, then uðx; yÞ�1 ends
(respectively starts) with xG1. So wðx; xyÞ ¼ uðx; yÞ ¼ 1. But since mapping s 7! x

and t 7! xy defines an isomorphism Fhs; ti ! Fhx; yi, wðx; xyÞ ¼ 1 only if wðs; tÞ is
the trivial word. r

Proof of Theorem 4.3. The proof of Theorem 4.3 falls into two cases, depending on
whether n is even or odd. Observe that the braid z acts on Fn�1 by conjugation by the
element d�1 where d :¼ x1x2 . . . xn A K , and that d A Fn�1 if and only if n is even.

Proof of Theorem 4.3, case n even. Let j : Fn�1 ! Fn�1 be some Bn-equivariant au-
tomorphism. Our objective is to prove that j is a power of z. The first observation is
that j (and its inverse) must leave invariant the fixed subgroup F G

n�1 ¼ K G VFn�1 for
any G < Bn. That is, j restricts to an automorphism of F G

n�1.
By Lemma 4.5, F Bn

n�1 ¼ KBn ¼ hdi. Therefore, by the above observation, j restricts
to an automorphism of hdi, hence jðdÞ ¼ d or d�1. We also have, from Lemma 4.6,
that the two elements g1 and d freely generate the subgroup F

hTi
n�1 ¼ KhTi, where

T ¼ fa1gU fa3; . . . ; an�1g. Thus j restricts to an automorphism j : Fhg1; di !
Fhg1; di. Lemma 4.7 now applies to show that jðg1Þ ¼ dkge

1d
l for some k; l A Z and

e A fG1g.
We now observe that, for each i ¼ 2; 3; . . . ; n� 1, gi ¼ giðg1Þ for some braid

gi A Bn. Thus by equivariance of j and the fact that d is fixed by all braids we have

jðgiÞ ¼ dkge
i d

l for fixed k; l A Z and e ¼G1; and for all i:

Now, since n is even, we have d ¼ g1g3 . . . gn�1 A Fn�1. Therefore,

jðdÞ ¼ dkge
1d

lþkge
3d

lþk . . . d lþkg e
n�1d

l ¼ dn for some n ¼G1: ð1Þ

Abelianising Fn�1 to Zn�1 the relation (1) becomes ðmðl þ kÞ þ e� nÞ½d� ¼ 0, where
n ¼ 2md 4. There are two cases:

(i) e ¼ n and therefore l þ k ¼ 0, or

(ii) e ¼ �n and therefore m:ðl þ kÞ ¼ 2n, so that, necessarily, n ¼ 4 and l þ k ¼ n.
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In Case (i), the possibility e ¼ n ¼ �1 leads to a contradiction, for it implies that
g1g3 . . . gn�1 ¼ gn�1 . . . g3g1. But then e ¼ 1, and j evidently just acts on Fn�1 by
conjugation by dk. That is, j ¼ z�k as required.

In Case (ii), n ¼ 4, d ¼ g1g3, l þ k ¼ n ¼ �e, and (1) simplifies to ge
1ðg1g3Þ

�e
ge
3 ¼ 1,

which is possible if and only if e ¼ �1. But then, zkj is the automorphism F3 ! F3

sending gi to g�1
i d for i ¼ 1; 2; 3. That is g1 7! g3, g2 7! g�1

2 g1g3 and g3 7! g�1
3 g1g3.

Let b0 A B4 denote the braid ða1a2a3Þ2, shown in Figure 7. Then one can easily check
that zkj is realised by the action of b0, which is a contradiction since b0 does not lie
in the centre of B4 and so is not B4-equivariant (while z

kj is).

Proof of Theorem 4.3, case n odd. As in the previous case, let j : Fn�1 ! Fn�1 be some
Bn-equivariant automorphism. Again, we shall prove that j is a power of z, using
the observation that j restricts to an automorphism of F G

n�1 ¼ K G VFn�1 for any
G < Bn.

Define x :¼ x1x2x3 . . . xn�1. Then x ¼ g1g3 . . . gn�2 A Fn�1 and d ¼ xxn. Note that
this time d does not lie in Fn�1, however the element z :¼ d2 ¼ xxnxxn does. There-
fore F Bn

n�1 ¼ hzi (since, by Lemma 4.5, KBn ¼ hdi). Since j restricts to an automor-
phism of this group, we have jðzÞ ¼ z or z�1.

Claim 1. After multiplication of j by a power of z we may suppose that jðxÞ ¼ x.

Proof. We consider the subset of braid generators T ¼ fa1; a2; . . . ; an�2g. By Lemma
4.6, KhTi ¼ hxi � hxniGZ � C2, and FhTi

n�1 is therefore freely generated by the two

elements x and x̂x :¼ xnxxn. Note that xx̂x ¼ xxnxxn ¼ d2 ¼ z, so that F
hTi
n�1 is also

freely generated by x and z. Thus j restricts to an automorphism of hx; ziGF2.
Since jðzÞ ¼ z or z�1, Lemma 4.7 applies to give

j :
x 7! zkxezl

z 7! zn

�

for some k; l A Z and e; n A fG1g.
Notice that zðxÞ ¼ d�1xd ¼ x̂x (since d ¼ xxn). Consequently, by equivariance, we

have that jðx̂xÞ ¼ zkx̂xezl . Thus

β 0

21 3 4 1 2 nn-1

β

Figure 7. The braids b0 ¼ ða1a2a3Þ2 and b ¼ a1a2 . . . an�2.
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jðzÞ ¼ jðxx̂xÞ ¼ zkx ezlþkx̂xezl ¼ zn: ð2Þ

Abelianising F2 to Z2, this gives ð2ðk þ lÞ þ e� nÞ½z� ¼ 0. There are two cases:

(i) e ¼ n and l þ k ¼ 0, or

(ii) e ¼ �n and ðl þ kÞ ¼ �e.

In Case (i) above, (2) becomes x ex̂xe ¼ ðxx̂xÞe which is only possible if e ¼ 1 in which
case jðxÞ ¼ zkxz�k ¼ z�2kðxÞ.

In Case (ii) above, (2) becomes xeðxx̂xÞ�e
x̂xe ¼ 1 which is only possible if e ¼ �1,

and so l þ k ¼ 1. In this case jðxÞ ¼ zkx�1zl ¼ z�2kðx�1zÞ ¼ z�2kðx̂xÞ ¼ z�2kþ1ðxÞ,
since zðxÞ ¼ x̂x. r

We now restrict our attention to the subgroup H ¼ hg1; g2; g3; . . . ; gn�2i � hxniG
Fn�2 � C2 of K . Let �̂� : H ! H denote the involution which is conjugation by xn.
(This is consistent with the definition of the element x̂x already introduced). Then we
see that H VFn�1 ¼ A � B where A denotes the group hg1; g2; . . . ; gn�2iGFn�2 and
B :¼ ÂA. Thus B is freely generated by the elements ĝg1; ĝg2; ĝg3; . . . ; ĝgn�2. (Note: A � B
is just the kernel of the map H ! C2 induced by the quotient K ! K=Fn�1). Given a
free product of groups G ¼ G1 � G2, each element g A G has a unique expression in
reduced form with respect to the free product decomposition, namely an expression
g ¼ u1u2u3 . . . uk where each syllable ui is a nontrivial element of either G1 or G2

and where two consecutive syllables do not belong to the same factor G1 or G2. The
number k shall be referred to as the syllable length of g and written kgk.

Consider the set of braid generators T ¼ fa1gU fa3; . . . ; an�2g. By Lemma 4.6

KhTi ¼ hg1; g3g5 . . . gn�2i � hxni ¼ hg1; xi � hxniGF2 � C2:

Let A1 :¼ hg1; xi and B1 :¼ ÂA1 ¼ hĝg1; x̂xi. Then KhTi VFn�1 ¼ A1 � B1, and j re-
stricts to an automorphism of this group. In particular, jðg1Þ A A1 � B1. Let

W ¼ w1w2w3 . . .wk

be the reduced form for jðg1Þ with respect to A1 � B1. Thus the syllables wi are non-
trivial elements coming alternately from the groups A1 and B1. Since A1 < A and
B1 < B, this is equally a reduced form with respect to A � B. Also W is nontrivial
since jðg1Þ is nontrivial.

Now let b A Bn denote the braid a1a2 . . . an�2 shown in Figure 7. Observe that
bðgiÞ ¼ giþ1 if ic n� 3 and bðxÞ ¼ x (so that bðgn�2Þ ¼ ðg2g4 . . . gn�3Þ�1

g1g3 . . . gn�2

using the fact that x ¼ g1g3 . . . gn�2). Thus b leaves the subgroup A invariant. More-
over, since bðxnÞ ¼ xn, the braid b leaves the whole of A � B invariant respecting the
free product structure. Thus, for instance, b rðWÞ ¼ b rðw1Þb rðw2Þ . . . b rðwkÞ is a re-
duced form with respect to A � B for the element b rðjðg1ÞÞ ¼ jðgrþ1Þ, for all r A Z.
Moreover, these reduced forms all have similar structure: a syllable b rðwiÞ comes
from the factor A if and only if wi does.
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Claim 2. If jðxÞ ¼ x, then jðg1Þ A A1.

Proof. We continue with the notation introduced in the preceding paragraphs. By the
hypothesis jðxÞ ¼ x, we may use the fact that jðxÞ has syllable length 1 with respect
to A � B. However, since gj ¼ b j�1ðg1Þ, for j ¼ 1; 2; . . . ; n� 2 (this is NOT true for
j ¼ n� 1), and since j acts Bn-equivariantly, we have

jðxÞ ¼ jðg1g3g5 . . . gn�2Þ ¼ Wb2ðWÞb4ðWÞ . . . bn�3ðWÞ:

If kWk is even then Wb2ðWÞb4ðWÞ . . . b n�3ðWÞ is already in reduced form with
respect to A � B, and has syllable length at least 4 (nd 5 and kWkd 2) which con-
tradicts the uniqueness of reduced forms in a free product.

We may assume therefore that kWk is odd, and let m ¼ 1
2 ðkWk þ 1Þ. Then W is of

the form U�1wmV where U and V are reduced forms of the same syllable length with
respect to A � B and whose first syllables are of the same type (i.e. they come from the
same factor A or B).

Write V ¼ v1v2 . . . vm�1 and U ¼ u1u2 . . . um�1 as reduced forms. If Vb2ðUÞ�1 0 1
then there is a last i A f1; 2; . . . ;m� 1g such that vi 0 b2ðuiÞ, in which case Vb2ðUÞ�1

has reduced form

M ¼ v1v2 . . . vi�1:o:b
2ðu�1

i�1Þ . . . b
2ðu�1

2 Þb2ðu�1
1 Þ

where o ¼ vib
2ðuiÞ�1 is a nontrivial element of the same free factor as vi. This implies

that

U�1wmMb2ðwmÞb2ðMÞ . . . b n�5ðMÞb n�3ðwmÞb n�3ðVÞ

is a reduced form for jðxÞ of syllable length at least 3 (nd 5). But this again contra-
dicts uniqueness of the reduced form. Thus we may suppose that V ¼ b2ðUÞ.

Both V and U represent elements of A1 � B1. Thus V ¼ b2ðUÞ represents an ele-
ment of ðA1 � B1ÞV b2ðA1 � B1Þ which may also be written hg1; ĝg1; x; x̂xiVhg3; ĝg3;
x; x̂xi. Except in the case n ¼ 5 where x ¼ g1g3, the elements g1, g3, x, ĝg1, ĝg3, x̂x form a
free system. Therefore, in the case nd 7, the intersection of these two rank 4 free
groups is just hx; x̂xiGF2 and is therefore fixed elementwise by b. Since V lies in this
intersection, we now have U ¼ b�2ðVÞ ¼ V . Thus jðxÞ has reduced form U�1oU

with middle syllable o :¼ wmb
2ðwmÞ . . . b n�3ðwmÞ. Note that o0 1 since it is conju-

gate to jðxÞ0 1. But since kjðxÞk ¼ 1 we must have U ¼ 1. Therefore m ¼ 1 and
jðg1Þ ¼ UwmU

�1 ¼ w1 and clearly lies in A1 since otherwise we would have o A B

contradicting the fact that o ¼ jðxÞ ¼ x A A. This completes the proof of the Claim
in the case nd 7.

In the case n ¼ 5, we have jðxÞ ¼ U�1wmb
2ðwmÞb2ðVÞ (since V ¼ b2ðUÞ). Since it

is a syllable, wm is a nontrivial element of either A1 or B1. Suppose that wm A A1nf1g.
Then, there is a nontrivial freely reduced word wðs; tÞ in the letters s, t, such that
wmb

2ðwmÞ ¼ wðg1; xÞwðg3; xÞ, where in this case x ¼ g1g3. But then, by Lemma 4.8,
o :¼ wmb

2ðwmÞ0 1 and U�1ob2ðVÞ is therefore a reduced form for jðxÞ. The fact
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that kjðxÞk ¼ 1 then tells us that U ¼ V ¼ 1, so that jðg1Þ ¼ wm A A1, as required. If,
however, wm A B1, then the same argument shows that jðg1Þ ¼ wm A B1 and jðxÞ ¼
wmb

2ðwmÞ A B, which would contradict jðxÞ ¼ x. r

By Claim 1, we may suppose that jðxÞ ¼ x. In that case, by Claim 2, jðA1Þ < A1.
But, since j�1ðxÞ ¼ x, applying Claim 2 to j�1 also gives j�1ðA1Þ < A1, and so j

restricts to an automorphism of A1. Lemma 4.7 now applies to give jðg1Þ ¼ xkge
1x

l

for some k; l A Z and e ¼G1. By equivariance of j with respect to b, we in fact have
jðgjÞ ¼ xkge

j x
l for all j ¼ 1; 2; . . . ; n� 2 (but not necessarily for j ¼ n� 1). But then

x ¼ jðxÞ ¼ xkge
1x

lþkge
3x

lþk . . . xlþkge
n�2x

l

Abelianising Fn�1 to Zn�1 yields the equation
ðn�1Þ

2 ðl þ kÞ þ e ¼ 1. We either have

(i) e ¼ 1 and l þ k ¼ 0, in which case jðgiÞ ¼ xkgix
�k for ic n� 2, or

(ii) n ¼ 5, l þ k ¼ 1 and e ¼ �1, in which case jðgiÞ ¼ xkg�1
i x1�k for i ¼ 1; 2; 3.

Now let y ¼ g2g4 . . . gn�1. By a similar analysis (labelling the xi in the reverse
order) we arrive at the conclusion that there exist m; l A Z such that either

(iii) zmjðgiÞ ¼ ylgiy
�l for all i ¼ 2; 3; . . . ; n� 1, or

(iv) zmjðgiÞ ¼ ylg�1
i y1�l for all i ¼ 2; 3; 4 (and n ¼ 5).

Consider the possibilities (i)–(iv) for g2. Since no two of g2, g
�1
2 x and g�1

2 y can be
conjugate in K we must have (i) and (iii). Then g2 ¼ ðx�kd�mylÞg2ðy�ldmxkÞ. The
element y�ldmxk of K commutes with g2, thus it must be a power of g2. That is to say
dm ¼ ylg

q
2x

�k for some q A Z. In particular, since d2; x; y; g1 A Fn�1, but d B Fn�1, we
must have m even. Now, take x; g2; g3; . . . ; gn�2; y as a free basis for Fn�1. With re-
spect to these generators, z ¼ d2 has a reduced form

z ¼ xy�1g2g4 . . . gn�3ðg2g3 . . . gn�1gn�2Þ�1
g3g5 . . . gn�2x

�1y:

Therefore, dm ¼ zm=2 cannot have the form ylg
q
2x

�k unless k ¼ l ¼ q ¼ m ¼ 0. So, j
must be the identity on Fn�1. This completes the proof of Theorem 4.3.

We shall now work with the presentation AðDnÞ ¼ Fn�1 zrD Bn of Section 2. Note
that AðDnÞ is an index 2 normal subgroup of K zrþ Bn G p1N

þ, where p1N
þ de-

notes the orbifold fundamental group of the orbifold Nþ introduced in Section 3.
(In fact KzBn GAðDnÞzC2 where the section sends the generator of C2 to x1).
For notational convenience, we shall identify elements of Bn < AðDnÞ with the cor-
responding elements of InnðAðDnÞÞ via their action by conjugation (and using the
fact that rD is faithful). We call these elements braid automorphisms. As with the Bn

case, it is easily seen that z acts on K zBn, and so on AðDnÞ, by conjugation by d�1,
where d ¼ x1x2 . . . xn. It is also a straightforward exercise to check that the centre of
KzBn is generated by the element dz, and that the centre of AðDnÞ is generated by dz
if n is even, and d2z2 if n is odd.
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Special automorphisms. We define the automorphism �n A AutðKzBnÞ such that
�nðaiÞ ¼ a�1

i for i ¼ 1; 2; . . . ; n� 1, and �nðx1Þ ¼ x1. It is a short exercise to show that
�n is well-defined. Moreover, �n induces the automorphism of AðDnÞ which, by abuse
of notation, we shall also call �n, and which is defined by �nðdiÞ ¼ d�1

i for every
i ¼ 1; 2; . . . ; n.

We also define the so-called graph automorphism tn A AutðAðDnÞÞ induced by
the involution of the Coxeter graph of type Dn, namely tnðd1Þ ¼ d2, tnðd2Þ ¼ d1, and
tnðdiÞ ¼ di if id 3.

Note that, since AðDnÞ is a normal subgroup of K zBn, every inner automor-
phism of KzBn induces an automorphism of AðDnÞ. These constitute a subgroup of
AutðAðDnÞÞ which is generated by the inner automorphisms of AðDnÞ and conjuga-
tion by x1 in the larger group. The latter automorphism of AðDnÞ is precisely the
graph automorphism tn.

Finally, we note that the automorphism tn is an inner automorphism of AðDnÞ if
and only if n is odd. This is a straightforward consequence of [23]. Alternatively, one
can observe that if tn is an inner automorphism, i.e. conjugation by some element kb,
say, where k A Fn�1 and b A Bn, then the element x1kb A KzBn centralizes AðDnÞ.
But that is to say that conjugation by x1k in K agrees with the action of b�1, and so
fixes d. But then x1k A KnFn�1 is a power of d, which is only possible if n is odd. On
the other hand, if n is odd, x1 di¤ers from d by an element of Fn�1, and conjugation
by d is realised by the braid automorphism z, so tn is an inner automorphism of
AðDnÞ.

Theorem 4.9. Let nd 4. The group AutðAðDnÞ;Fn�1Þ of automorphisms of AðDnÞ
leaving invariant the subgroup Fn�1 is generated by the inner automorphisms, the graph
automorphism tn, and the automorphism �n. More precisely,

AutðAðDnÞ;Fn�1Þ ¼

InnðAðDnÞÞz h�n; tniG ðAðDnÞ=ZðAðDnÞÞÞz ðC2 � C2Þ
if n is even

InnðAðDnÞÞz h�niG ðAðDnÞ=ZðAðDnÞÞÞzC2

if n is odd

8>>><
>>>:

where ZðAðDnÞÞ denotes the centre of AðDnÞ. In particular, OutðAðDnÞ;Fn�1ÞG
C2 � C2 if n is even, and OutðAðDnÞ;Fn�1ÞGC2 if n is odd.

Proof. Let j be an arbitrary automorphism of AðDnÞ ¼ Fn�1 zBn such that
jðFn�1Þ ¼ Fn�1. Then j induces an automorphism j of the quotient group Bn ¼
AðDnÞ=Fn�1. Using the theorem of Dyer and Grossman [18], we may suppose, up to
a multiplication of j by a braid automorphism, and by �n if necessary, that j is the
trivial automorphism ofBn. In other words, there exists some function k : Bn ! Fn�1,
written g 7! kg, such that

jðgÞ ¼ kgg; for all g A Bn:
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We now consider the element z A K which generates the subgroup of fixed points in
Fn�1 under the braid action. That is z ¼ d, if n is even, and d2 if n is odd. For any
g A Bn we have

jðzÞ ¼ jðgzg�1Þ ¼ kggjðzÞg�1k�1
g : ð3Þ

That is to say, gðjðzÞÞ@ jðzÞ for all g A Bn, where @ denotes conjugacy in K . But
then Lemma 4.5, plus the fact that z is not a proper power in Fn�1, implies that jðzÞ is
conjugate in K to zn, for n A fG1g.

Now, multiplying j by an inner automorphism from Fn�1 and by tn if necessary
(that is by some automorphism which is induced by conjugation, in the bigger group
KzBn, by an element of K), we may suppose, in fact, that jðzÞ ¼ zn. Note that this
modification of j does not change the induced automorphism j, but it does modify
the function k. In any case, the Equation (3) together with the fact that braid auto-
morphisms fix z, gives simply zn ¼ kgz

nk�1
g . But then kg must be a power of z for

every g A Bn. In fact, k : Bn ! hziGZ must be a homomorphism, since jðgbÞ ¼
kggkbb ¼ kgkbgb. Moreover, in view of the braid relations aiaiþ1ai ¼ aiþ1aiaiþ1,
the only homomorphisms Bn ! Z are multiples of the length homomorphism
l : Bn ! Z which sends each standard generator to 1. In other words, there exists an
m A Z such that jðgÞ ¼ zmlðgÞg, for all g A Bn.

Finally, we observe that the centre of AðDnÞ is generated by the element zz if n
is even, and zz2 if n is odd, and is left invariant by any automorphism of AðDnÞ.
For instance, if nd 5 is odd, jðzzÞ ¼ ðzzÞG1. Since jðzzÞ ¼ znzmlðz Þz we deduce that
mlðzÞ ¼ 1� n. But, since lðzÞ ¼ nðn� 1Þd 20, we must have m ¼ 0. Similarly,
when n is even we deduce that m ¼ 0, and in both cases the action of j on Fn�1 is
therefore Bn-equivariant. By Theorem 4.3, we now have that j agrees on Fn�1 with a
central braid automorphism zk for some k A Z. But then, z�kj fixes both subgroups
Fn�1 and Bn, so is trivial, and j is an inner automorphism. r

4.3 Automorphisms of K zBn. We continue with the same notation as in the pre-
vious subsection. Recall that K ¼ �nðC2Þ denotes the free product of n copies of C2,
and Bn acts on K via the representation rþ define in Section 2. We proceed now to
determine the automorphism group of K zrþ Bn following the same strategy as in the
previous subsections. First, we establish the following result which is analogous to
Proposition 4.1 for the group AðBnÞ and to Theorem 4.3 for the group AðDnÞ.

Proposition 4.10. Let nd 3, and identify Bn with a subgroup of AutðKÞ via the repre-

sentation rþ. Then the group of Bn-equivariant automorphisms of K is the cyclic sub-

group of AutðKÞ generated by z.

Proof. Let j : K ! K be a Bn-equivariant automorphism. By Lemma 4.5, KBn is the
infinite cyclic subgroup generated by d ¼ x1x2 . . . xn, thus jðdÞ ¼ dn where n A fG1g.
Let T ¼ fa2; a3; . . . ; an�1g. By Lemma 4.6, we have KhTi ¼ hx1; x2x3 . . . xni ¼
hx1i � hdiGC2 � Z, thus j restricts to an automorphism hx1i � hdi ! hx1i � hdi.
The element jðx1Þ is of order 2 and jðx1Þ A KhTi, thus jðx1Þ is conjugate to x1 in
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KhTi, namely, there exists w A KhTi such that jðx1Þ ¼ wx1w
�1. Now, jðdÞ ¼ dG1 and

jðx1Þ ¼ wx1w
�1 generate KhTi ¼ hx1i � hdi, and this is possible only if w is of the

form w ¼ dkx
m
1 with k A Z and m A f0; 1g, thus jðx1Þ ¼ dkx1d

�k for some k A Z.
Observe that, for i ¼ 1; 2; . . . ; n, there exists a braid gi A Bn such that giðx1Þ ¼ xi.
By equivariance, it follows that jðxiÞ ¼ dkxid

�k for all i ¼ 1; . . . ; n, and therefore
j ¼ z�k. r

Recall that �n denotes the automorphism of KzBn determined by �nðx1Þ ¼ x1
and �nðaiÞ ¼ a�1

i for i ¼ 1; . . . ; n� 1.

Theorem 4.11. Let nd 2. The group AutðKzBnÞ is generated by the inner automor-

phisms and the automorphism �n. Thus

AutðKzBnÞ ¼ InnðKzBnÞz h�niG ððKzBnÞ=ZðKzBnÞÞzC2;

where ZðKzBnÞ denotes the centre of KzBn. In particular, OutðKzBnÞGC2.

Proof. The case n ¼ 2 is special and should be treated separately. We leave this case
to the reader, and assume from now on that nd 3.

Let j : KzBn ! KzBn be an automorphism. Note that K is the smallest sub-
group of K zBn which contains every element of order 2, and therefore is a char-
acteristic subgroup. Let j be the automorphism of Bn induced by j. Using the theo-
rem of Dyer and Grossman [18], we may suppose, up to a multiplication of j by a
braid automorphism and by �n if necessary, that j is the trivial automorphism of Bn.
So, there exists a function k : Bn ! K , g 7! kg, such that jðgÞ ¼ kgg for all g A Bn.

Recall that every braid fixes d ¼ x1x2 . . . xn. For any g A Bn, we have

jðdÞ ¼ jðgdg�1Þ ¼ kggjðdÞg�1k�1
g : ð4Þ

This shows that gðjðdÞÞ@ jðdÞ for all g A Bn, thus, by Lemma 4.5, jðdÞ is conjugate
to dn for some n A fG1g. Multiplying j by an inner automorphism from K , we may
suppose that jðdÞ ¼ dn. This modification does not change the induced automorphism
j, but it does modify the function k : Bn ! K .

The Equation (4) together with the fact that braid automorphisms fix d, gives
dn ¼ kgd

nk�1
g , thus kg is a power of d. It follows that the function k : Bn ! hdiGZ

is a homomorphism since, for g; b A Bn, kb being a power of d, we have jðgbÞ ¼
kggkbb ¼ kgkbgb. The only homomorphisms Bn ! Z are multiples of the length
function l : Bn ! Z, thus there exists m A Z such that kg ¼ dmlðgÞ for all g A Bn.

Recall that the centre of KzBn is the infinite cyclic subgroup generated by dz. In
particular, we have jðdzÞ ¼ ðdzÞG1. Since jðdzÞ ¼ dndmlðzÞz, it follows that mlðzÞ ¼
1� n, thus m ¼ 0 (since lðzÞd 6). This shows that jðgÞ ¼ g for all g A Bn, and
therefore that the action of j on K is Bn-equivariant. By Proposition 4.10, j agrees
on K with a central braid automorphism zk for some k A Z. But then, z�kj fixes both
subgroups K and Bn, so it is trivial, and j is an inner automorphism. r
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24ème année (1971/1972), Exp. No. 401, 21–44. Lecture Notes in Math., Vol. 317,
Springer 1973. MR0422674 (54 #10660) Zbl 0277.55003

[9] E. Brieskorn, K. Saito, Artin-Gruppen und Coxeter-Gruppen. Invent. Math. 17 (1972),
245–271. MR0323910 (48 #2263) Zbl 0243.20037

[10] R. Charney, Artin groups of finite type are biautomatic. Math. Ann. 292 (1992), 671–683.
MR1157320 (93c:20067) Zbl 0736.57001

[11] R. Charney, Geodesic automation and growth functions for Artin groups of finite type.
Math. Ann. 301 (1995), 307–324. MR1314589 (95k:20055) Zbl 0813.20042

[12] R. Charney, D. Peifer, The Kðp; 1Þ-conjecture for the a‰ne braid groups. Comment.

Math. Helv. 78 (2003), 584–600. MR1998395 (2004f:20067) Zbl 02021086
[13] A. M. Cohen, L. Paris, On a theorem of Artin. J. Group Theory 6 (2003), 421–441.

MR2007739 (2004m:20072) Zbl 1039.20016
[14] H. S. M. Coxeter, Discrete groups generated by reflections. Ann. of Math. (2) 35 (1934),

588–621. MR1503182 JFM 60.0898.02
[15] H. S. M. Coxeter, The complete enumeration of finite groups of the form R2

i ¼
ðRiRjÞki j ¼ 1. J. London Math. Soc. 10 (1935), 21–25. JFM 61.0097.05

[16] J. Crisp, Injective maps between Artin groups. In: Geometric group theory down under

(Canberra, 1996), 119–137, de Gruyter 1999. MR1714842 (2001b:20064) Zbl 1001.20034
[17] P. Deligne, Les immeubles des groupes de tresses généralisés. Invent. Math. 17 (1972),
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