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ABSTRACTThis article deals with the optimal transfer of a satellite between Keplerian orbits
when the control is oriented along the tangential direction. We consider the time-optimal con-
trol problem and the energy minimization problem. The optimal controls laws have disconti-
nuities and continuations and averaging techniques are applied to smooth the discontinuities.
The smooth approximations of the solutions are computed using a shooting method taking into
account second-order optimality conditions.
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1. Introduction

The orbital transfer is described by tbentrolled KEPLER equation

s gt) ut)

0= Hgmp e .
and the mass variation equation

m(t) = —Blu(t)] )

where the gravitation constapt is normalized to 1g € R3 is the position of the
satellite in a fixed frame whose origin is the Earth centers the massf > 0 and

u € R® represents the thrust, satisfying < €, and the maximal thrust is small flow

propulsion

Two relevant optimal control problems are ttie-optimalcontrol problem (the
transfer time can take several months) and #mergy minimization problem
Miny.) fOT |u|?dt, this second problem is a regularization of the minimum-fuel op-

timal problem, which amounts to artiminimization problem, see [Ger ar].

The thrust can be decomposed in taegential-normal frame
U= WwhR + unFn + Uk 3)

whereR, F,, F; form an orthonomous frame affgis colinear tod /dq, F; is perpen-
dicular to the osculating plane Sganq}, andR, = Fe A R.

An important subproblem is to consider the case where the control is oriented
along the tangential directidR alone, and the system becomes single-input. This, in
order to understand the effect of each control compoognt, or u.. Moreover, in
electro-ionic propulsion, due to technologic reasons, we must inqmoseconstraints
conditionson the control directions.

Due to this restriction, the optimal solutions are not smooth. A consequence is a
numerical instability in shooting methods. Moreover, the second-order conditions im-
plemented in th&€€OTCOTode [BON 06€] require smooth extremals. The objective
of this article is to present smooth approximations using continuations and homotopic
techniques, which allow to handle numerically the optimal problems, using a shooting
method, taking into account second-order optimality conditions.
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2. The time-minimal control problem
2.1. Preliminaries

The controlled KePLERequation where the control is decomposed in the tangential-
normal frame is written

3

xm=%mm+@b;gmmm» (@)

where|u| < e. According to [Cai 00] the time-optimal transfer is almost everywhere
with maximal thrustju| = € andm(t) can be computed integrating (2). Moreover,
excepted isolated singularities that can be handled numerically, an optimal control is
smoothand is given by

. E(Hl, Ho, H3)

= |(H1, Ha, H3)| ®)

whereH; is the Hamiltonian lift(p, i) and p is the adjoint vector, solution of the
adjoint system.
If we consider the single-input case, wheyés oriented alondr, the system takes
the form
W (t)

X(t) = Fo(x(t)) + @Ft(x(t)) , lwl<e,

and for geometric analysis we can assume that the mass is constant. Since the thrust
is oriented along the osculating plane, the state (q, q) is restricted to the four-
dimensional space formed by its tangent space. Hence, we can only transfer the system
towards acoplanar orbit. We introduce the so-calleglliptic domainfilled by the

elliptic orbits of KEPLER equation,

X ={(a,9) [ang#0,H(q,q) <0}
whereH (q, q) = |g|2/2— 1/|q| is the energy of the KPLERequation.
Using the analysis of [BON 05c] we have

Proposition 2.1.
(i) The system restricted to the elliptic domain is controllable.

(i) Every time-optimal control idbang-bangi.e. u*(t) = esign(p, R(x)), where p
is the adjoint vector, and with a finite number of switchings.

2.2. The shooting method
We briefly recall the shooting method applied to the time-minimum problem, with
fixed extremities(g andxs. We consider a system of the form

Y= 1xm.um) . ouexxU,
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where X is a n-dimensional manifold antl is the control domain. Theseudo-
Hamiltonianassociated with the time-optimal control problem is

H(X7 P, U) = <p7 f(X7 U)>

From PONTRYAGIN’S maximum principle every optimal trajectory is a projection
of aBC-extremalz, u), z= (x, p) solution of the boundary value problem

: JdH
X= Tp(xa pau)7

L (6)
p_ _ﬁ(xa pau)7
X(0) = o, X(tf) = Xi
whereu is computed using the maximization condition
H(x, p,u) = MaxH (x, p, ). (7)

By homogeneity, the adjoint vector can be restricted to the projective space
P(T¢X) and the maximum of (7) is constant along a reference extremal. We intro-
duce the shooting mapping.

Definition 2.1. We fix ¥ and we consider all the extremal curves$)z= (x(t), p(t))
starting at timeO from x and depending upon(p) = pp. Theshooting mappings

S: (po, tt) — X(tf, po) — X¢, where u is computed using the maximization condition.
Solving the boundary value problem reduces to solve the shooting equgtign:3 =

0.

2.3. Jacosl equation. Conjugate point

2.3.1. Main assumption

We assume that the control domain isrerdimensional manifold and restricting
to a chart, the maximization condition implies

dH

au
We consider a reference extrenaétl) = (x(t), p(t)) defined on0, T] and we assume
the strict LEGENDRE condition along z(t) : 9?H/du? < 0 so that the control can
be computed as smoothmappingu, (z). Pluggingu, into H(z, u), we define grue
smooth Hamiltonian Hz).

—0. (8)

For a fixedxo, let z(t, po) be the extremal solution dﬁ) with initial condition
Po € P(Tg X). If M is the projectior(x, p) — X, theexponential mappings

exp,  (t, Po) — M(z(t, po)) = X(t, po)-



Smooth approximations of optimal transfer 5

For a fixedt, the image is the projection of tffa— 1)-manifoldL(t) = {z(t), po €
P(T¢ X)}, and the previous shooting mappingS$o,tr) = exp (tf, Po) — Xf.

Definition 2.2. Let Zt) = (x(t), p(t)), t € [0, T], be the reference extremal. The-

COBI equation is the variational equatiodiz(t) = dﬁr)(z(t)) 6z(t). The non-trivial
solutions of this equation are calleldcosl fields Let Jt) = (6x(t), dp(t)) be ada-

cosilfield, J is saidverticalat time t if6x(t) = 0. Atime t > Ois said to beconjugate
if there exists alacosl field vertical at time t= 0 and t=t;. The point Xt.) is then
called aconjugate point

A straightforward result is the following.

Proposition 2.2. A time t is conjugate if and only if the derivative of the exponential
mapping with respect togds not of full rank at t= t..

2.4. Second-order sufficient condition

We make the following additional assumptions. The reference extremal trajec-
tory t — Xx(t) is one-to-one ori0, T]. Moreover we assume that on each subinterval
0 <tp <t; <T the adjoint vectorp is unique up to a scalar and we are in the so-
callednormal casewhereH = (p, f(x, u)) is not zero. Hence can be normalized,
for instance by being chosen on the levelgetf (x, u)) = 1. We have the following
[SAR 82].

Proposition 2.3. The reference extremalt x(t) is optimal in the G-topology up to
the first conjugate timgg and no more optimal if t> t;c.

To getCl-optimality we proceed as follows. If there exists no conjugate point
on [0, T], we can embed the reference trajectory inteatral field.# formed by all
extremal curves at timeof all extremal curves starting fromp. At timet, this field is
the projection ol (t). This construction is valid in a neighbourhood of the reference
curve, but it can be prolongated to a maximal operVgétomeomorphic to a convex
cone. The important result is the following [BON 05a].

Proposition 2.4. Excluding %, assume that there exists an open neighbourhood W of
the reference trajectory in the%topology and two smooth mappings W — R and
G : W — U such that for eaclix, u) in W x U, we have the maximization condition

H(x, dV(x), G(x)) > H(x, dV(x), u).

Then the reference trajectory is optimal among the trajectories of the system with the
same extremities and contained in W.

Remark 1. The construction of V is equivalent to solve the standdrdILTON -
JacoBI-BELLMAN equation

oV
MaxH (x, &(x), u) =1,

ueU
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and the transfer time betweefj and % in W is V(x;) —V(Xg), the adjoint vector p
beingaV /ox.

The following is clear.

Proposition 2.5. The shooting mapping S is a local diffeomorphism onto W.

And the final result is

Theorem 2.6. Under our assumptions, the reference curvelsoptimal with respect
to all curves solution of the system with same extremities and contained in the domain
covered by the central field.

The crucial computational point is to evaluate conjugate points and we have the
following algorithm [BON 06e].

2.4.1. Computation of conjugate points

Let (%); with 3(0) = (0, 6pi(0)), i =1,...,n—1 be a basis ofAcos! fields
that are vertical at timé= 0, 6 p(0) being normalized by(0)5 p(0) = 0. The time
tc is conjugate if and only if the rank of the mati&(t) whose columns aréx;(t),
1< j<n-—1isstrictly less thah— 1 att =t..

The numerical efficient test about the rank is provided bingular value decom-
position(SVD) of the matrixC(t). If on_1(t) is the smallest singular value, the test is
anl(tc) == 0.

This theory requires the Hamiltonian to be smooth, so it cannot be applied to an-
alyze the single-input orbital transfer and we shall need to smooth the Hamiltonian
using regularizing processes such as those described in next section.

3. Continuation methods

Consider the time optimal control problem with fixed extremittgsandx; and
the shooting equatioB(pg, tf) = 0. An important problem to ensure convergence is
to have agood initial guess on @ For this purpose a powerful method is tentinu-
ation methodAll 90]. We embed the single-input transfer problem dendfed into
a one-parameter famil§P, ) of problems wherél € [0, 1] with associated shooting
equationsS, (po, tf) = 0. It was used in time optimal transfer by [Cai 00] (continua-
tion on the maximal thrust) and in [Ger ar] (continuation between the energy mini-
mization problem and the maximization of the final mass). A crucial property in such
continuation methods is the regularity of the continuation path.

Next, we present two continuations to understand the single-input transfer and
discuss the crucial smoothness property.
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3.1. Continuation on the control domain.

We considen(Py) as the transfer towards a coplanar orbit by setting- 0, i.e.

u=uk + uyF, (see the decomposition in (3)) and connect the single-input transfer to
a problem with two control entries.

The only difference betweefPy) and (Py) is the set of admissible controls : for
(Py), Ug is the disc of centre 2 and radius, whereas fo(P;), U1 is the segment line
[—e, €] directed along the tangential direction (see fig. 1).

\

. I Un

Figure 1. Continuation on the control domain

The homotopy can therefore be defined as follows. The probigmis the orbital
transfer with control domaitJ, whereU, is the ellipse of centre , semi-major
axis € along the tangential direction, and semi-minor gfis- A)e along the normal
direction. Except at isolated singularities [Cai 00], the prob{®p is smooth ford
in [0, 1], and associated with the true Hamiltonian function

m(t)

with, as beforeH; = (p,F), i =0,...,3, andH, ; — Hr = Ho + (¢/m)|H1| when
A— 1.

=
Hr,/l (t,X7 p) = HO + t

[H2 4 (1—2)H3] 2 ©)

3.2. Continuation on the inclination

We impose that the initial orbit, in contrast with the final one, does not belong to
the equatorial plane, and we make a convex homotopy on the initial inclination (that is
on the initial condition, see fig. 2) defined by the vediaf the equinoctial elements
(see section 3.4):

hy2(0) = (1-2A)n (10)
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Figure 2. Continuation on the inclination

wheren # 0 is the given initial inclination for the probleti#). Indeed, the single-
input transfer is a coplanar transfer and we use the following result [Cai 00].

Lemma 3.1. Every extremal trajectory for the coplanar orbit transfer problem is also
extremal for the general orbit transfer problem, provided the initial and final inclina-
tions are the same.

We defing(Ry) by settingu, = 0, i.e. u= w R + ucF, and connect the single-input
transfer to a problem with two controls, including a non-coplanar thugistthis case.

3.3. Smoothness of the continuation path

According to our preliminary results in Section 2, we have the following (under
assumptions therein).

Proposition 3.2. Provided there is no conjugate point along the path, the mapping
A — (po(4),ts (1)) associated with either of the two continuations is smootl®far
A<l

Proof. Consider for fixedl the shooting equatio§, (ts, po) = 0. If there is no con-
jugate pointS, is of maximum rank and the equation can be smoothly solved using
the implicit function theorem. O

3.4. Numerical computations

For numerical reasons, we choosequinoctial coordinates [Cai 00]
(P, &, &y, hy, hy, 1) whereP is the semi-latus recture,= (e, &) the eccentricity vec-
tor, h= (hy, hy) the inclination vector anbthe longitude. The first five coordinates are
slow variablescorresponding to the first integrals of the uncontrolled motion, while
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is thefast variable For the numerical computations, we consider the physicals values
of tables 1 and 2, and we assume the mass is varying with equation 2.

Variable Value

€ 6 Newtons
u 51658620912 Mm.h—2
B=V;?t 0.0142 MntL.h

Table 1. Physical values

Initial conditions Final conditions
P 11625 Mm 42165 Mm
e 0.75 0
ey 0 0
hy n=0.0612 rad 0 rad
hy 0 rad 0 rad
I T rad 62000 rad
m 1500 kg

Table 2. Boundary conditions

3.4.1. Evolution of the optimal control along homotopies

We present in figures 3 and 4 the evolution of the optimal thrust along the homo-
topy path respectively for the homotopy on the control domain and the homotopy on
the inclination.

We can see that switchings can be localized at the very beginning of the homotopy
path, that forA near 0. The remaining part of the homotopy path confirms this local-
ization and tends to give the final shape of the optimal control. This phenomenon has
already been observed in [Ger ar] for the minimum consumption problem where the
homotopy consists in deforming af4cost into an E-cost.

As a first comparison, we can also remark that the localization is far more efficient
in the case of the homotopy on the inclination.
3.4.2. Computation of conjugate times

We can apply the conjugate point test on the intermediate proklEmdor A in
[0, 1], since they provide smooth extremals.

Once we have obtained an extremal by the shooting method, we extend this ex-
tremal up to several times the minimum time. Then we apply our test for fixed ex-
tremities to the extended extremal.
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We present in the figures 5 and 6 the evolution of the smallest singular value along
the homotopy path respectively for the homotopy on the control domain and the ho-
motopy on the inclination. Fak near to 1, the first conjugate times found for both
homotopies appear to be roughly the same.

We can notice that we have conjugate times at roughly three times the final time
obtained by the shooting method, which confirms previous results [BON 05c].

3.4.3. Analysis of the extremal trajectories

We observe that zones wheare= ¢ (acceleration phases) are located around the
apocenter. The apocenter is indeed the point where the gravitation is the weakest
therefore it is the place where the acceleration is the most efficient. Conversely, zones
whereu = —¢ (deceleration phases) are located around the pericenter where the de-
celeration is the most efficient since the gravitation is the strongest at this point.

Finally, a preliminary interesting constatation on single-input transfers is that,
compared to coplanar transfers with two thrusters, the minimum time is only increased
of approximatively 20%. As illustrated by the second homotopy, a similar approach
with two thrusters instead of three can be considered for non-coplanar transfers.
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Figure 3. Optimal control: Homotopy on the control domain
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Figure 4. Optimal control: Homotopy on the inclination

4. Averaging method

4.1. Preliminaries

This method can be applied to every optimal transfer with low propulsion but an
appropriate cost is the energy= fOT u?dt, where the transfer time is fixed. It leads
to an averaged system which can be explicitly computed and has moreover a nice
geometric interpretation. The control is rescaled by setiirgeu, [u] < 1, as well as
the cost ¢ — £c). To make the computation explicit, we drop the bodud< 1 and
practically the constraint| < 1 will be fulfilled for large enough transfer times.

Itis crucial to represent the system in the adapted coordinates of [GEF 97] denoted

(v,x) wherex = (n,e, @) belongs to thelliptic domain

X={n>0-1<e<l wcS}.

Herebefore, we have used teBiptic elementavheren is themean movememqual
to 1/1/a3 —a being the semi-major axise,is theeccentricity  is theargument of
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T ax = 6.000000 Newtons

m;
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Figure 5. Smallest singular value: Homotopy on the control domain

the pericenterandyv is thetrue longitudecorresponding to the angle of the pericenter:

v=| — o wherel is the polar angle dongitude The equations are:
1/2
= —3n2f3 <1+ch_°§2’ *‘32) u, (11)
o 2(e+cosv) 1-¢€ 1/2u 12)
B E 1+ 2ecosv+ €2 ’
. 2sinv 1-€ 12
= 1
®= Hire <1+2ecow+e2> Y (13)
- (1+ecosv)?

The coordinates are singular for circular orbits but the singularity0 is removed by
using theeccentricity vector

€ = €ecosw, &, = esin.
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T ax = 6.000000 Newtons
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Figure 6. Smallest singular value: Homotopy on the inclination
The control system is of the form

wherex is in X, | is in S, F is a smooth vector field 08! x X and ay is a smooth

positive function defined o8B! x X.

4.2. Minimum energy control and averaging

The energy can be written
It u2dl

/oTUZdt:/|o o)
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so that, after replacing time by cumulated longitud¢he Hamiltonian to consider
from the maximum principle is

Ou? 4 uP(l, x,
H(|7X,Pau)=pwo(|§()p)

)

andP is the Hamiltonian lift{p, F (I, x)).

Hence we have
—u?/2+uP(l,x, p)

ao(l,X)
wherep? has been normalized te1/2 in thenormal case(p° # 0).

H(,x,p,u) =¢

The maximization condition leads then &1 /du = 0 and extremal controls are
u=P(l,x, p). Plugging such controls intd, we obtain theérue Hamiltonian

~ P%(l,x,p)
H: (1,%, p) _sm- (15)

We drop the parameter, which amounts to parameterizing by= el instead ofl.
SinceH is 2zn-periodic in the angular variable, we introduce

Definition 4.1. The averaged Hamiltonian is

2r

— 1
Hr(X,p):E 0 Hr(I,X,p)dI.

From standard approximation results between trajectori¢$ @ndH,, the fol-
lowing is true [ARN 78].

Proposition 4.1. Let Z1) andz(l) be respective integral curves of tdnd H, with
same initial conditions, then the difference z is uniformly of ordep(¢) for a length
of order1/e, and the difference between the respective energy costs is ofageder

An important conceptual step introduced in [BON 05b] is to refhte an optimal
control problem. We refer the reader to the sub-Riemannian formalism, see [BON 03]
for details.

4.3. Averaged Hamiltonian of energy minimization coplanar transfer

4.3.1. Computations

According to equations (11)-(14), the true Hamiltontar(l,x, p) can be written
(1/2)(A(v,x)p, p) whereA(v,x) is a symmetric matrix, see [BON 06c]. The averaged
Hamiltonian is similarly writter(1/2) (A(x) p, p) whereA(x) is the symmetric matrix
whose elements are the averaged of the six coefficierA$voX).
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Proposition 4.2. The matrixA(x) is diagonal and the averaged Hamiltonian is

q 1 22
Hr:2n5/3 9n pn+

4(1—-¢?)%/? 2 41-¢) pg
Vi@ ™ iviiee |

Theorem 4.3. The averaged HamiltoniaH, is associated with the three-dimensional
metric
dr? 53l t x/l—eZde2+n5/3(1+ V1i-e)e?

\ =T vV-—r)= 2
onia " 4(1_e)3 ii—e) 99 (16)

g =
and(n,e, w) are orthogonal coordinates, singular for circular orbits £€0).

4.3.2. Normal coordinates
4.3.2.1. Geometric preliminaries

The elliptic elementgn, e, ) areorthogonal coordinatefBOL 00], which is an
important geometric reduction for the metric. Further normalizations are needed to
describe the geometric properties of the extremals and perform a complete analysis.
In particular, since the Hamiltonian is not dependingasnthe coordinate igyclic
and its dual variable,, is a first integral of the averaged motion. As a result, if we
restrict the system to the four-dimensional symplectic subspace p, = 0}, the
Hamiltonian is analytic and is associated with a planar Riemannian metric defined on
the restricted two-dimensional elliptic subdom= {n > 0, |¢| < 1} by

dg= 97 | peltvi-€ (17)
oni/3 41-e2)32

Geometrically, the conditiop, = O is the transversality condition for a transfer to-

wards a circular orbit, where the angle of the pericenter is not prescribed. This is the

case for the important practical problem of steering the system tgdbstationary

orbit.

The main step when computing a normal form is to reduce the corresponding met-
ric, see [BON 06c].

Proposition 4.4. In the appropriate domain, the planar metric is isomorphic té és

di? + u?dV? (polar form) with u= (2/5)n%® and v= (5/4)arcsir(1 — 21— €?).

In suitable coordinates, the geodesics associated with the averaged transfer towards
circular orbits are straight lines.

Theorem 4.5. The extremal flow defined by the averaged HamiloRais completely
integrable.

For detailed proof, see again [BON 06c].
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4.3.3. Existence

The two-dimensional elliptic subdomaXy is defined in polar coordinates by two
copies of{u> 0, v €] — V¢, V¢[}, wherec = 4/5 andv; = n/(2c) = 57 /8. Indeed, the
change of variables = (1/c)arcsir{1—2v/1—€?) has a multiform inverse whea
belongs td — 1, 1] and the two copies have to be glued together alagd) to obtain
the full elliptic subdomain. We sé¢; = XoN {e > 0} (respectivelyX;” = XN {e >
0}) and study now the contact with= 0, as well as transitions from one copy to
another, see figures 7(i) to 7(iii).

Proposition 4.6. Contacts with e= 0 are either stationnary points or reflections from
Xy to X5 (or conversely) in flat coordinates.

Proof. Since the averaged Hamiltonian is quadratic in the adjoint stategonstant
andpe = 0 are stationnary points of the system. More precisely,

. A(1-e)%2
T lrviie™
. deV1-e(3+2v1i-¢€) ,
Pe = (14 Vi- @) Pe
ande # 0 outside the stratume = O: either the contact is a stationnary point, or the
sign of e changes and we go from one copy to another. In the second case, since

v= f(€) with f = (5/4)arcsin(1—2v1—€?), v has opposite left and right limits at
a time such thag = 0:
52

-
Now, sincex = uexp(iv) in flat coordinatesx = (u+ iuv) expiv and the resulting rule

Vi = —V_ e£0.

Xy —X_ = 2iv, X
defines a reflection at the contact with= 0. O

The interplay of the multiform change of variables with the lack of geodesic
convexity—that is convexity, geodesics being straight lines—of both copies of the do-
main is described in terms of existence by next proposition.

Proposition 4.7. Let xp be in X .
(i) If vo > v, = m — v, there are geodesics only towards points ifi Xuch that
V>Vop—T.
(ii) If |vo| < v, there are geodesics towards any point {, Yut only towards points
in X3 such that v< 7 — 2v; — V.
(iii) If vo < —V,, there are geodesics only towards points ji Such that w 7+ vo,
and points in % such that w< 7 — 2v; — vp.
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The result on X is deduced by symmetry.

Proof. Obvious, see figures 7(i) to 7(iii). In case (ii), for instan¥g, is starshaped
with respect togg, whence the geodesic accessibility of any point within the copy.

4.4, Optimality results and Riemannian spheres

4.4.1. Preliminaries

Consider the averaged Hamiltoniahi;(x,p) where x = (n,e,®) and
p = (Pn, Pe; Po) @ssociated with the metrzdefined by (16). We parameterize geo-
desics by arc-length by restricting the averaged Hamiltonian to the levidl set/2.
We noteS(xp,r) the Riemannian sphere with centgrand radiug. The conjugate
locus Qo) is the set of first conjugate points when we consider all the extremals start-
ing from xo. The point where the extremal ceases to be minimizing is calleduhe
pointand the set of cut points form thoeit locus L(xp).

The standard results in Riemannian geometry [GAL 87] are applied to make a
complete analysis. If the radius is small enough, the sphere is formed by extremities
of extremal curves and we get global results by extending such curves. A cut point is
either a conjugate point or a point where two minimizing geodesics with equal length
are intersecting. At such points, the sphere is not smooth. As a consequence, the
inspection of the extremal flow permits to decide on global optimality. T8 COT
algorithm is used to evaluate the conjugate points.

4.4.2. Geometric analysis and global optimality

Using Proposition 4.4, we get that extremal curves of the two-dimensional subsys-
tem are globally straight lines. This allows to solve the problem of transfer towards
circular orbits.

To complete the analysis, it is sufficient to analyze the extremals of the two-
dimensional Riemannian metrib” + G(v)dw? [BON 06d]. The covariant function
G(v) is related to the Gauss curvature. It governs the distribution of conjugate points
according to Jacobi equation, and the conjugate locus can be computed.

4.4.3. Numerical simulations

Although explicit computations are tractable thanks to complete integrability, we
can also use numerical simulations to represent Riemannian spheres and conclude
about optimality. Besides, those simulations are necessary to give comparisons be-
tween the extremals of the averaged and the original Hamiltonians. The method of
continuation is then fruitful to initialize the computation of the real system trajecto-
ries.
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Figure 7. Domains of existence of optimal solution. GivgrexX; , i.e. with negative
eccentricty, we obtain (in white) the set of poingsim X, and X for which an
optimal solution from gand % exists. The sub-domain iy ¥here such solutions do
not exist is represented in light gray. The domain in dark gray is outside the elliptic
domain.
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In all figures, we considexy = (ep, np, @) = (0.75,0.5,0). On figure 8 we rep-
resent geodesics of the transfer to circular orbits, that is minimizing extremals such
that @ = pp, = 0. The figure 9 is a projection of the extremals in the pléne/)
and corresponds to extremals of the metric defined in Proposition 4.4. On figure 10
we eventually compare minimizing trajectories of the averaged system with the min-
imizing trajectory of the real problem sharing the same boundary conditions, thus
illustrating the convergence of the continuation method.
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Figure 8. Geodesics of the transfer towards circular orbits up to length 1, and spheres
for radii betweenle— 1 and 1. On the first graph, flat coordinates are used and the
multiform character of the change of variables from Proposition 4.4 is illustrated by
the reflexion phenomenon on=v—5x/8. As shown on the second graph in coordi-
nates(e, n), there is no self-intersection in the two-dimensional elliptic subdomain,
and the singularity e= 0 is smoothly crossed by geodesics.
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Figure 9. Geodesics up to lengthof the transfer projected on the, w)-space, and
associated spheres for radii betwebs— 1 and 1.

Trajectory in flat coordinates
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Figure 10. Computation by continuation of the non-averaged solution. The averaged
trajectories are clearly nice approximations of the optimal one of the original system.
Hence, convergence of the underlying shooting method to compute the non-averaged
minimizing trajectory is easily obtained.
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Trajectory in cartesian coordinates

= — - Averaged
2 —— &=1.000000e-02

-3

Figure 11. Trajectory of a non-averaged solution fer= 1e — 2 with (e(0), n(0)) =
(0.75,0.5) (e(ts), n(ts) = (0.05, 0.3). Dashed ellipses are averaged ellipses and pro-
vide good approximation of the motion.



